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CocraButens: Kaua. ¢pu3.mMar. HayK, foueHT Hypyrnunosa 1.H.

[TpuBeneHs! BapuaHTHl 33JaHU KOHTPOJBHOM pabOTHl U CTYIEHTOB 3a04YHOHM (OpMBI
Oo0y4eHHs 10 OCHOBHBIM TE€MaM, COOTBETCTBYIOUIME O0a30BOMY YpPOBHIO H3yUYCHHS
IUCUUIUIMHBL «BrIcmias mateMaTHka Bo 2-M cemectpe. IlpuBenensr oOpasipl perieHus
BCEX 3aJaHUH, CHaA0)KEHHBIE HEOOXOJUMBIMHU TEOPETUYECKHUMHU CBEICHUSIMH.

BBEJIEHUE

VY4yebHO-MeToIMUecKoe OocoOue COAEPKUT HHAMBHUIYyalbHbIE 33JJaHUS KOHTPOJIbHOU
paboThl, BBHINOJIHAEMOI CTyAE€HTaMM 3a04HOM (hOpMBI 0OydeHHUS BO 2-M CeMecTpe. TeMaTHhKa
3a/1laHui OXBAaThIBA€T BCE OCHOBHBIE pa3Jieibl IUCHUIUIMHBI «BbICiasg MmaTemaTtukay,
u3yyaemble B 2-M  ceMecTpe:  OIIPEAenEHHBIA  MHTerpai, JBOWHOW  MHTErpa,
g depeHraIbHbIe YpaBHEHUS, PSIIBL.

3amanus 1o Kaxaod teme mMmeroT 20 BapuMaHTOB, MPAaBHJIO BBIOOpAa BapuaHTa Iepen
3aJJaHUAMU KOHTPOJIbHOM paloThl. IlpencraBieHbl OCHOBHBIE TEOPETHUECKUMH MOJOXKEHUS U
HOHATHS, COOTBETCTBYIOIIME 0a30BOMY YPOBHIO U3YUCHMSI TUCLMILIIMHBI, U TOJPOOHOE pelIeHue
Bcex 3ajaHuil. BbiOop TemaTuku ocyuiecTBisuics Ha ocHoBe aHaiu3za PI'OC3++ B 06a3oBoit
noarotoBke OakanaBpoB HampasieHus 12.03.04. Taxke MpHUBEICH CIHCOK TEOPETHUECKUX

BOIIPOCOB JI1 IIOATOTOBKHU K DK3aMCHY U pCKOMCHAyeMas JINTEpaTypa.



BAPUAHTHI 3AJIAHU KOHTPOJBbHOM PABOTHI Ne 2
OIIPEJEJIEHHBIM MHTEI'PAJI. IBOMHOU NHTEI'PAJI.
JNOOEPEHIIMAJIBHBIE YPABHEHMWSL. PSA/IbI

ITPABHJIO BBIBOPA BAPUAHTA

Homep BapuaHTa cTyIeHT BEIOMpPAET COIIAaCHO MOPSIKOBOMY HOMEpPY B »KypHase rpymnisl. Eciu
HOPSAKOBBIM HOMEp B KypHase 6osbiue 20, To HoMep BbIOMpaeTcst cHavasa, T.€. HOPsIKOBBIN
HoMep 21 - Homep BapuaHTa - 1, HOpAAKOBBINA HOMEp 22 - HOMEp BapHaHTa - 2 U T.1.

3aoanue 1. Haiitu nomaas GUrypel, OrpaHuYEeHHON TMHUSMU.

Ne YpaBHeHHs THHUIA Ne YpaBHeHHsI TUHHIA
Bap. Bap

1 y=3x2+1 y=3x+7 11 y =X, y:%, x=3

2 y=x>, y=8, x=0 12 y=X>—2, y=—X

3 y=x%, y=2-x> 13 y=x*>-1 y=1-x

4 y=X, y=1/x, x=3 14 y=sinx, y=0, Xx=mn/2
5 y=X, y=X+2 15 y=x*-2, y=1-2x

6 y:x/;, y=x-2, x=0 16 y:% y=2X, X=2

7 y=x2+1 y=x, x=0, x=2| 17 [y=2x-x% y=-x

8 y=x2, y=3-2x 18 y=e*, x=0, y=e
9 y=x*>-1 y=x+5 19 y =X, yzg
10 | y=2-x% y=—x 20 y=2-x% y=x

3aoanue 2. Haiitn 06beM Tena, MOJy4eHHOTO BpamieHueM BOKpyr ocu OX

(buUrypbl, OrpaHUYEHHOMN JIMHUSIMH.

No . No .
YpaBHeHus JUHUHA YpaBHeHUus JUHUH
Bap. Bap.
1 |x*-y=0, x=-1, y=0 11 | x*-y=0, y=1

2 | x*+y=0, x=1 y=0 12 | x*—y=0, x=1 y=0




3 [ x°+y=0, y=-1 13 | x—y?=0, x=1

4 | x-y?=0, x=0, y=-1 14 | y=4x3, x=1 y=0

5 | x+y>=0, x=-1 15 | y=1+8x3 x=0, y=9
6 |x—y?=0, x=0, y=1 16 | y=4x3 x=0, y=—4

7 | x+y*=0, x=0, y=1 17 | y=—4x3, x=-1, y=0
8 |y=—4x% x=0, y=4 18 | y=-4x®, x=0, y=—4
9 y=—4x3, x=1, y=0 19 | y=4x3, x=-1 y=0
10 | y=4¢ x=0, y=4 20 | y=1+8x%° x=—%, y=1

3aoanue 3. Beraucnuth 1BOMHOM UHTErpai mno obdnactu D.

Ne HNurerpadn, odaacts D Ne HNurerpadn, odaacts D
Bap. Bap.
y=X, X=Y,
1 g(x2+y)dxdy,D: y=2-X , H(y+1)dxdy, D:{x=2-y?
x=0. b y=0,y=1
X=Y, X=2-Y,
2 H(x—y)dxdy, D:{x=1]y, 4 Ij(x—yz)dxdy, D:<x=Yy,
D y=2. D y =0.
X=2-Y, y=X+3,
5 ”xydxdy, D:<x=0, 13 ”(x2+y)dxdy, D:Jy=-2x,
D y=-1y=1. b x=0.
y=X+1, X =2y,
ly=x-1, nydxdy, D:<x=y-1,
6 g(x2+y)dxdy,D. ‘=0, 14 | 3 y=0 y=1.
x=1




y=6-x,
y=3-X, dxdy, D:
| Imoan o123 | s | enooy b
5 = :
y=2x"-1, y=1-x"
oy 1 92
3 ”(XJrl)dxdy’ D:ly=x2-1 16 g(2+x)dxdy, D:{y=1-2%%
D x=1 x=1.
=4-3y, —2v2 _
”(x—y)dxdy, D:{z , d | X 22/ .
9 |® =Y. 17 Lf(y—l)dxdy, D:ix=y’ -1,
y=1.
y=2-x, X =2y,
2X—Yy)dxdy, D:
10 g( X y)dxdy {y—x. 18 ”(x+y)dxdy, D:ix=y-1
P y=1.
2
e y=2x,
11 H(2x+y)dxdy, D: X_g/4’ 19 nydxdy, D:{y=3-X,
D y: ’ D _
y=1
y=>% X=Y?,
12 ”(x—y)dxdy, D:yy=Xx, 20 ”(y+2)dxdy, D:{x=-2y?
’ X=2. ° y=1

3aoanue 4. Petuth nuddepenmansabie ypasHeHus (1Y)

4.1 Haiitu o6miee pemenne /1Y 1-ro

4.2 Haiitm o01iee penieHue

Homep
MOPAZIKA C pa3AeSIOIIAMUCS oaHopojHoro JIY 1-ro
BapHaHTa
NEPEMCHHBIMU MOpsIIKa
1 4—y?1+xy' =0 Y'=%(1+|n%j
’ 2 Yy
2 xyy'=1l+y Xy =y +xex
3 y'+x%cos’y =0 X%y =y?+Xy




4 y'(1+y)=3-x xy’—y:xsin%
5 y'sin®x =2+y XY =y +X2+Yy?
/ 2 _ Y X
6 y'ctgx+y =1 y x+y
7 yr_ex+y:O nyr_y2_2X2
8 (1—X2)y':2Xy2 y’:l+cosl
X X
9 COS?X -y =4/1-Yy? X2y =y?+Xy—x?2
10 | (L+x*)y'+y=0 Xy'ex +x =yex
2 _ w2\ '_X:y_z_
11 «/1+y =X°yy y X% 4
Yy
12 (4-x7)y' =2xy? x(y’+er=y
13 J2x =3-y'—ctgy =0 Xy '=x-3y
14 x2y?.y'—4=0 xy’:y+xtg%
15 | y'=tgx-(1-y) X2y'+y2 =Xy =0
16 xy'=y?(x +1) Xy —y =[x2—y?
V2 X2y = sind +1=Ysin Y
17 3-y +x°%y'=0 yS|nX+1 Xsmx
—X2)Y X = —v[1—InY
18 y(1-x?)y'+x =0 Xy y(l Inxj
19 Xy?y'=4-x? X2 +y2=2xyy’
21 'cosy = y_
20 y y y xycosx_ycosX X

3aoanue 5. Peuuts 1Y

Howmep
BapUaHTa

5.1 Haiitu o01iee penieHue TMHENHOro
JY 1-ro nopsaka

5.2 Onpenenuts Tun 1Y 1-ro
HopsAJKa U pemuTs 3anauy Komu




1 y' =2y =xe¥ y'+ytgx =cos’x, y(0)=-1
2 Xy’ —2y =x3cosx y -y} (x+1)=0, y(2)=1
3 | x(y-y)=(1+x?)e" y+L=x?y y@)=1
Y 1
4 Y y'=2-———, y(e)=0
y —Xlnx_xlnx X cosY
X
5 Y +y+4x —1=0 Xy?y'=2+x*=0, y@l)=-1
6 +¥ _2Inx =0 "_oxy =xe*’ —
y'+5—2Inx y'—2xy =xe*, y(0)=-1
7 y'+2xy =xsinxe™’ y'—y=-y%*, y(0)=1
8 y'—y—-x=0 x2y?y'+2=0, y(2)=-1
9 r_ X Y o2y _n
Xy'=xy+e y' =5 =C0s", y(1) 7]
10 Yy’ +ytgx =X cos? X xyy' —J1+y? =0, y@)=-1
11 (1_x)(y'+y):e—x xy'—2y =x3cosx, y(g):o
12 y'_X:l y'-y(2x+1)=0, y()=e
X x2 ’
13 y'—2xy =sin2x -e*’ y'—ytgx +y?cosx =0, y(0)=1
14 A 2 2 w2 y(—]) =
y'=32g+e (x+1) Xyy' =y?+x? y(-1)=2
15 Xy'+y—xe*=0 y'—e>(4+y?)=0, y(0)=2
16 = X*—1 '—yctgx =sin’ (E):—l
y'=-yctgx + y'—yctgx =sin®x, y|5
17 Xy’ =y +Xx%c0s3x y'—y=(x+1e*, y(0)=-1
18 (5+x)y =2y +(5+x)’ (2-x?)y'=2xy?=0, y(-1)=1
19

y' =2y +X

(1+x2)y'=xy, y@)=+2




20| y'—2xy=xe*’ y'—%=y7, y(@) =1
3aoanue 6.. Periuts J1Y

Howep Haiitu oO1iiee perienue JTMHEHHBIX OHOPOIHBIX Y 2-T0 mopsinka

Bai:aH C MOCTOSIHHBIMU KO3 (ULIMEHTaMU
1 2y" By’ +2y =0 y"—6y'+9y =0 y"+233y' +4y =0
2 y"—2y'-3y =0 4y"+4y'+y =0 y"—0,2y'+2,0ly =0
3 6y"+y' —-y=0 y'+2y'+y=0 16y"-16y'+5y =0
4 y'—y'-2y=0 9y"+6y'+y=0 y"—0,2y"+0,05y =0
5 4y"-5y'+y =0 9y"-12y'+4y =0 y"+2y'+116y =0
6 5y"+4y'—y =0 y"—y'+0,25y =0 y"+4y'+20y =0
7 2y"—y'-3y=0 0,0ly"+0,2y"+y=0 y"—4y'+13y =0
8 y"+2y'—8y =0 y'—4y'+4y =0 y"—0,6y'+4,09y =0
9 6y"—5y'+y=0 y"+10y’'+25y =0 y"—2y'+3y =0
10 3y"-2y'-y=0 y"—8y'+16y =0 y"+ 232y +3y =0
11 3y"-8y'+4y =0 16y"+8y'+y =0 y"+0,2y'+4,0ly =0
12 y"+4y'+3y =0 y"+0,6y"+0,09y =0 y'+2y'+17y =0
13 3y"+4y'—4y =0 y" =22y +2y =0 y"—4y'+8y =0
14 4y"+7y' -2y =0 y"+0,8y'+016y =0 y"—6y’ +10y =0
15 2y"—y'—6y =0 y'=2y'+y=0 y"+4y'+13y =0
16 5y"+2y'=0 y"+y'+0,25y =0 y" -6y +13y =0




17 y"—y'—6y =0 y"+0,4y"+0,04y =0 y"+4y'+5y =0
18 4y" -y =0 oy"+12y'+4y =0 y"—2y'+5y =0
19 3y" -5y’ +2y =0 y"+24/3y'+3y =0 y"—4y'+5y =0
20 8y"—6y'+y=0 y"+1,2y'+0,36y =0 y"—2y'+2y =0

3aoanue 7.. Pemuts 1Y

Pemmts 3amauy Komm mist JIY Broporo nopsiaka

Homep 7.2 Pemmuts 3amauy Ko ais 1Y
BADMAHTA 7.1 Pemuts 3amauy Komum s
1Y BTOPOTO TIOPSIKA, JOITYCKAIOIIIETO
oxHopoaHoro 1Y Broporo nopsiaka
MOHIDKECHUE TIOPSIIKA
14 1 !
"+4y =0, 0)=0, y'(0)=3 = , 0)= 0)=0
1 y"+4y y(0) y'(0) Y = oy y(0)=1 y'(0)
2 y"+1,44y=0, y(0)=1 y'(0)=0 y":sin%, y(n)=mn, Yy'(n)=1
3 | y+25y=0, y(0)=0, y(0)=12 |y"=e*—sinx, y(0)=0, y(0)=1
4 y'+49y =0, y(0)=0, y'(0)=1 y"=cos(1-2x), y(%)=l Y'(%)=0
" 1 T 1| TC
"+9y =0, 0) = '(0)=2 , ==, ~1=1
5| y+9y=0 yO=1 YO v = v(3)-3 v (5)
6 | y'+16y=0 y(O)=1 YO=0 | y_gZix, y(0)=—1 y(0)=0
7 y"+36y=0, y(0)=0, y'(0)=5 y"=2sin’x, y(0)=1 y'(0)=1
"oy 1 V(0)— "_cinX.cosX v(E|=l [m|_
8 3y"+2y=0, y0)=1 y'(0)=2 y —sln2 cosz, y(z)—z, y(z)—o
9 y"+1,21y=0, y(0)=2, y'(0)=1 y”:%+x, ylO)=-3 y@D=53
10 y'+64y=0, y(0)=4, y'(0)=- y"=c0s?2x, y(0)=0, y'(0)=0
11 y"+81y=0, y(0)=5 Yy'(0)=6 y"=sin4x +e %, y(0)=2, y'(0)=-1
2y"+0,72y =0, 0)=-3, Vy'(0)=5| ,
12 |00 YOS YOS sink )21 yo)=-1

cosS x’




13 Y ==X, YO =1 YO -3

14 | y'+12ly=0, y(0)=2 y(0)=-1 | y"=sin?3x, y(0)=1 y(0)=0

15 | y'+225y=0, y(O)=1 Y©O=-1 |y=25 y(%)=§, y’(g)=o

" l
" 2 — — ! = = )
16 y'+0,25y=0, y(0)=5 y(0)=-3 |Y (2x-3)

y1)=0, y@)=—7

17 | y'+0,64y=0, y(0)=1 y(0)=0 | y"=cosnx, y@)=0, y'?)=0

18 y'+0,36y =0, y(0)=-1 y'(0)=2 y”=%+ X, yO=0 y@)=-1
19 | y'+y=0, y(0)=4, y(0)=-1 y"=4cos’x, y(O)z%, y'(0)=2
1

20 | y'+256y=0, y(O)=-1 y(0)=-5 | y'=-2 y()=2, y1)=1

3aoanue 8. ViccnenoBarb CXOAUMOCTD MTOJIOKHUTETBHBIX PSJIOB:

1. a) 221 0) Zn(n+1)(n+2)
, i(nl}l)" 5) r2arcsm N
3.a) g n(n12 +1); 6) Z(ZnnJrljn

4. a) Z(an—l)" 0) g(;nzz_—lljn’

5. a) wlﬁ 6) r;Z.;:|n(11+ n)’

0 1 . il 3n2—2n "
6.0) 2gi T 6)2( 2n2+1)

n




7. a) ansin”—n;
n=1 2

3n+1
8.a) Z ’

9a)Z

nln

o0 n5
10. a) 2113—

0 3n+1
11.2) ), =Y
n=1

=1
2.a) Z\/ﬁ_

n=2

13.a) Z (n 1)|

14a)2m

15.a) 2" arcsin 5%;
n=1

16. a)Z(n+2),

0 r.]10

17. a) nZ:;,lon;

18. a) Zn arctg—
n=1

o8] \/ﬁ .
0) HZZI:Zn—l’
= 1
0) nZS”+2
(446N
0 ;(%_1)'




o 2 n-1 [e’e] T
o arctg —;
19, a)nzz;n (3] 6); 97

20. a)grﬁ In(1+3inj; 6) 2[5” - j

an% +5

3aoanue 9. 3HaKOUYEPEAYIOMIUECS PSIBI.

HCCJ’I@I{OB&TL Ha a6COJ'IIOTHy10 N YCIIOBHYIO CXOOAUMOCTD PSAAbI:

() S(1) e
1 — ) 2 — n-e ;
n=1 2n-1 n=1

00 n+1 1 0 n+1 1
3.).(-1) - 4. ) (-

E( ) In(n +1) nz_l( ) (2n-1)2

o0 1 n-1 n o0 1 n-1 1
5. — 6. —

Z{( ) 6n°- -5 nZ:;( ) (2n-1)
7 i(—l)n_l' L . 83 Y _.
. n=1 "\/ﬁ(n"'l)’ .n:1 n2+1,

o i(—l)n_l' n+1 10 i tg (-1 n—1-
= n®+3n’ '~ ¥ 3n-2
0 . 1\n 0 1l 1
_ arcsin| —= | ; _ 1) ——

11nZ:1 | ( 2) 12 ZI( ) —

( 1) n+1

t . - ;
13. Z arcgﬁ 14 nZ:; ( 1+2nj

00 n-1
15, nZ:‘I sin [(—1) 31,1} 16.3(-1) 5



=D"*n 2 1 1\t
172 Sy 18.Z—£—§j ,

n1 N
0.3 2.3 (1) I+
n=1 (_Z)n_l | n=1 n

3aoanue 10. CterieHHBIC PSJIBL.

Haiitu paanyc CXOoaANMMOCTHU CTCIICHHOI'O psZida U UCCIICAOBATH ITIOBCACHUC Ps/la HA
KOHIaX MHTCpPBAJIa CXOOINUMOCTH:

00 n
1 an—l.xn—l 1 Z X_
n=. n=1 n
Q0 Xn o
2.2 % 12. > (-4)"-x
n=1 n n
00 Xn—l 0 Z(Xjn
3 13. n-| —
2 oD 2 "3
& (x=4) - (=2x)"
4 14.
% 2 I
1/ x)" < "
5. > —(—j 15. ), n(n+1)£——j
-1 N 2 n=1
n o9 n-1
> n (X (—2x)
° nzz‘i n2+1(4j 16 nZ:; 2
0 Xn—l N
. 1n+1‘
! nZ:: n-10™ H nzl( e
= (3%) 2 (=10x)"
18. —
° nz=1 2" | nz_l Jn+1
00 2 n-1 © X —2 n
9. > (2%) 19. D (x~2)



0 n

0 1On . Xn X
10. 20.
2. ~ 2"+n

3aoanue 11. Paznoxenne pyHKUNN B CTETICHHBIE PS/IBI
[lonp3ysce  QopmynamMu  pas3yioKEHUS DIEMEHTApPHBIX (DYHKIUH B psbl
MakiopeHa, NpencTaBuTh 3aiaHHylo (yskmmio y=f(X) B BHge psma mo
cremeHsM (X—Xg). YKasaTb MHOXKECTBO BCEX 3HAYCHHH X, JUIS KOTOPBIX BEPHO

IMOJIYUCHHOC PA3JIOKCHHUC!

1 1
1. Y= , % =0 11. Y = = % =0
1-x 2—X
2. y=Inx; Xo =1 12. y=C0s°X; X,=0
1- —2X
3.Y=35 X =1 13. y=e%  x,=0
_3f,2. _ _enc Xy
4. Y =NX"; Xo =1 14.Y—Cosz, Xo =0
5. y=e%; Xy =0 15. y=In(3+x); X, =0
X ,
6. y=sinz; Xo =0 16. Y =C0S“ 2X; Xy =0
7.y=8-x3; X, =0 17. y=N4-%%; %, =0
1
= C0S 3X; =0 Ly= , X =0
8. Y X; X 18. Y m 0
9. y=sin®x; %,=0 19. y=sin®2x; X, =0
XZ
10 Y=—F7—=: % =0 20, y=e"%  X,=0



3aoanue 12. Psaawt Oypoe.
s gynkuun T (X) , 3aJJaHHOM Tpaduyecku, HalTH ee psag Pypbe 1Mo CUHycaM
WJIM KOCHHYCaM Ha UHTEpBalie (0, | ) (toompeeNnuB ee COOTBETCTBYIOIIUM
0o0pa3oM Ha UHTEpPBAJ (—| , 0) ). Haiitu cymmy psina @ypbe B Kaxka0i TOUKE

OTpe3Ka [0, | ] :

1. f(Xy 3. f(Xy
7 — 7 —
i— —
| | - ; |
0 2 T X 0 2 © X
I10 CI/IHycaM 10 KOCI/IHycaM
2. f(XX 4. f(XX
e — e —
0 2 7 X 0 2 T X
110 CI/IHycaM 110 KOCI/IHycaM
5. f(Xy 0. f(Xy
3" — 2/
NN f—
N L
0 212 © X 0 72 © X

10 CMHYyCaM I10 KOCUHYCaM



zl?2

zl?2

10 KOCHHYCaM

I10 CHHyCaM

10 KOCHHYCaM

I10 CHHYyCaM

zl?2

zl?2

0.5

I10 KOCHUHYCaM

10 CUHYCaM



zl?2

I10 KOCHUHYCaM

-0.5

wl?2

10 CUHYCaM

13.

-0.5

18.

-2

10 KOCHHYCaM

I10 CHHYyCaM

10 KOCUHYCaM

-0.5f -~

0 CUHyCaM

-0.5f -~

16.

2 -

10 KOCHMHYyCaM

110 CUHYyCaM



KPATKHUE TEOPETUYECKUE CBEJAEHUS U OBPA3EIL]
BBITIOJTHEHUS 3AJJAHUI KOHTPOJIBHOM PABOTBI Ne 2

OnpeneneHHmﬁ HHTETrpal, €ro BLIMMCJICHUE U CBOJCTBA

Onpeodenennviti unmeepan ot (yHxwn f (X), HETPEPHIBHOM Ha OTpE3Ke

[a, b], BBIYHUCIIACTCS IO popMyJIe:
b
[ (x)ax=F(x) =F (b)-F(a), 5)
a

rae F (X)— nepBooOpaszHas 1t GyHKiuu f (X) , T. €. F'(x) =f (X)
dopmyna (5) HazbIBaeTcs popmynoi Horomona — Jletibnuya.

Cesoticmea onpedenenHo2o uHmezpaia.

1)Tf(x)dx:—Tf(x)dx; 2)[ x)dx =0;
B)Tf(x)dx ]:-f dx+j X )dx; 4)I x))dx=j)‘f(x)dx+jlg(x)dx;

5)_[ Cf (x)dx = CI x)dx, C —const;

a

b
6) Eciu f(X)S g(x) IUTSL BCEX Xe[a,b],To J.f dX<Ig
a

b
7) Ecnu me(X)SM TS BCEX Xe[a,b] TO M b a jf dX<|\/| b a)
a

[Ipy  BBIUMCIEHHM  OINPENEIIEHHOIO  HHTErpaja JUid  HAXOXKJICHUS
MEepBOOOPA3HON HCHOJIB3YIOT TE€ K€ METOAbl, YTO M JUISl HaXOXKIACHUS
HEOIIPEICIICHHOI0 HMHTErpana, T. €. 3aMEHY IEPEMEHHOW, MHTErPUPOBAHUE IIO
gacTssM U T. A. OgHako ecthb psg ocobeHHocTel. [Ipu 3ameHe mepemMeHHOH Mo
dbopmyne (1) HeoOXOIMMO B COOTBETCTBUUM C 3aMEHOW MEHSTh TIPEIEIIbl

VHTETPUPOBAHUS:



Tf(x)dx:? f(o(t))o'(t)dx, (6)

o

rae a=y(a), B=y(b), t =y(x) — obparnas k X=¢(t) pyHKims.

dopmysia HHTETPUPOBAHUS 1O YacTsaM (3) mpuobpeTaeT BU/I:
b b b
_[UdV :UV|a—deU, @)
a a

OnpeneneHHbIl  MHTErpag  IIMPOKO  HCIOJB3YETCS B Pa3IMYHBIX
IPUIIOKEHUSX, HAPUMED, NP BBIYUCICHUHN TUIOMIAACH MIIOCKUX UTYp, JUTMH TyT
IUIOCKUX KPUBBIX, 00BEMOB TeJl BpalllEeHMs], TIIOIIAeHi TOBEPXHOCTEN BpallleHus,
paboThl MEPEMEHHOW CHJIbl Ha OTpE3Ke, MYTH, MPOUIEHHOIO 3a MPOMEXKYTOK
BPEMEMEHH, CTATUYECKUX MOMEHTOB 1 MOMEHTOB MHEPLUH IIJIOCKUX IYT U QUTYp
UT. I

I[Liomaau miockux Gpuryp

Buiuucnenue nnowadeti niockux gueyp 6 dekapmogsoti cucmeme KOOpOuHam
Ecnu mnockas ¢urypa (puc. 1) orpaHndena TuHUSMU Y = fl(x), y="f, (X),
TIe fz(x)z fl(x) IUISL BCEX Xe[a,b], U IpsIMBIMH X =a, X=D, To ee miomanp

BBIYHUCTISICTCS 110 popMyrie:

S :T( f2(x)— fi(x))dx. (8)

.]’J A '1,' F'y
» £i(x) Y y=3x+2

. Ny B
o b x : L »
If\/ le / 4 X

V=fi(x)
Puc. 1 Puc. 2




3aganue 1. Haiitu miomans Gpurypsl, OrpaHiYeHHON JIMHUSMU:
y=x>-2, y=3x+2.
Pemenue. [loctpoum cxemarnueckuii pucyHok (puc. 2). [ns moctpoeHus

Hapa60JII)I BO3bMEM HECKOJIBKO TOYECK.

X 0 1 -1 2 —2 3 -3 4 —4

y —2 -1 -1 2 2 7 7 14 14

JUisi oCTpoeHus: MpSIMOM JOCTATOYHO JIBYX TOYEK, HAmpUMep (0, 2) u

(-1 -1).
Haiizem koopauHatsl Todek My 1 M, mepecedeHust mapaGoist Y = X2 —2 u
npsiMont Yy =3X+ 2.

JI71s1 3TOrO pelnM CUCTEMY YPaBHEHHN

—v2 _
{y‘;( 2’:>x2—2:3x+2, x2-3x—4=0, x=-1 =4
y =3x+2.

Toraa y1 =3-(-1)+2=-1, y,=3-4+2=14. Utak, M1(-1,-1), M,(4,14).
[Inomane nosyueHHou purypsl Haiiem no popmyie (8), B KOTopon
f, (X) =3X+2, fl(x) = x> -2, MOCKONEKY T (X) > fi(X) mis Beex Xe [—1, 4] .

[Tomyuum:

4

° ¢ 3x* x°
S= I(3x+2—(x2—2))dx: j(3x—x2+4)dx:(7—?+4x]
e

-1

-1

2 43 (12 (1)
34 A 4 (2" (=Y +4-(—1)J—24—%+16—§—1+4—
2 3 2 3 3 2 3
65 3 125 _ 5
—44-—=_-2="""_-20= (kB.cn.
3 275 20 (men)

Boruucienue 00beMOB TeJl BPallleHUsA

Ecmu Teno o6pazoBano BpameHueM BOKpyr ocu OX KpUBOJIMHEHHOM
Tpareiyy, orpaHnYeHHON KpuBol Yy = f (X), ocbto OX u npssMbiMu X =a, X=Db

(puc. 3), To ero 00bEM BBIUUCISCTCS IO (hopMyJIe:



v =n(f(x)) dx )

Vi Vi
A |
1 \.‘ U ]I X
! |
0 l; - - |
a | ) x |
: .f; _ 4 J,’ —_— 4
Puc. 3 Puc. 4

3aganue 2. Haiitu o0beM Tesa, MOMYYEHHOTO BpaiieHueM BOKpyr ocu OX
(Gurypsbl, OrpaHUYEHHON JINHUAMU: Y = —4x3, x=0, y=—4.
Pemienne. IlocTporM KpUBOJIMHEHHYIO TpaleUMIO, BpalIEHHEM KOTOPOH

HOJIy9aeTcs Teio BpamieHus (puc. 4).

Yto0bl noayyuTh 00BEM TENa BpallleHusd U3 o0beMa Vi Tera, Moay4YeHHOTO
Bpaienuem ¢urypoel OABC, BeiuteM o0beM V) Telna, MOIYyYEHHOro BpallleHUEM

burypst OAB. Toraa uckomsiii 00bem V =V; —V,. [1o ¢popmyne (9) naiinem V; u

1
Vo: V= n_[(—4)2 dx = Tc16x|t =167 (ex. oobema);
0

1 2 1 7
V, = nj(—4x3) dx = 167t_[ x8dx = 16nx7 = 16711 (em. oobema);
0 0

V=V,-V, =16n—- 16771 = ?n ~ 43,085 (en. oObema).

JIBOIIHOW MHTErpaJl.

Paccmorpum ob6macte D Ha miockoctu XOY. O6nacte D HaswiBaror
npasunvHot 6 Hanpasnenuu ocu OY, ecnu mo0as npsMas napaienabHas 3TOl ocu

U TIPOXOJSIIasl 4epe3 BHYTPEHHIOIO TOYKy obmactu D mepecekaiorT rpaHuily



obnactu B aByX Toukax. O6macte D npaBunpHas B Hanmpasinenuu ocu OY (ciydait
|, puc. 5) ommceiBaercst cucremoii HepaBeHCTB (10). AHanmoru4Ho ompenemnsercs
npaBWiIbHas 001acTh B HamparieHuu ocu OX (cmydait |l puc. 6), Takas obnacthb

OIMKCBIBACTCS cucTeMoi HepaBeHCTB (11).

Crnyuai | Crnyuaii 11
M y 1
y=0,(x)
i :y_q}l{x)
0 H] f]; X g 0 X "
Puc. 5 Puc. 6
as<x<b c<y<d
D:{ ’ (10) D :{ Y (1)
P1(X) <y <@2(x). yi(y)<x<wya(y).

JIBoiiHOM uHTETpai oT PyHKuuu Z = f (X, y) no obnactu D Beruucnsiercs no

dbopmyrnam, CBOASIIIUM JBOMHON UHTErpal K HOBTOPHOMY.

Crnyuaii |
b (Pz(X)
jjf(x,y)dxdyzjdxj f(x y)dy. (12)
D a  gx)
Cnyuaii |l
d \Vz(Y)
”f(x,y)dxdy:jdy j f(x,y)dx. (13)
D ¢ wyiy)

[Tpu BBMUKCIeHNN nBOMHOTO MHTETrpaia no Gopmynam (12) u (13) crauana
HaXOJAT BHYTPEHHUM HMHTErpaj MO COOTBETCTBYIOLICH IIEPEMEHHOM, IIPU ITOM

Apyrad I1HICpCMCHHAsI pacCMaTpuBACTCA KaK TIIOCTOAHHAs, a4 3aTeM HaXOIAT



Hapy>KHbIM MHTETPAJ I10 BTOPOU IepeMEHHOU. [Ipy BBIUMCIEHNN yYHUTBIBAIOT, YTO
JMBOMHOW  WHTErpal  o0JamaeT CBONCTBAMM, AaHAJIOTHYHBIMA  CBOMCTBaM
omnpejeneHHoro uurerpana. Tak, ecnu obnacts D He uMmeer Takoro Buja, Kak B
cinydasx | winu |1, To ee pazduBaIOT NPSIMBIMU, TApaUIETBHBIMUA OCSIM KOOPAMHAT
Ha Hemepecekarieiics oomactu Dy, Dy, ..., Dy, kotopeie umerotT Bua | wmu |l.
JIBoliHOM wuHTerpan 1o objactu D B 3TOM ciydae paBeH CymMMe JABONHBIX

uHTerpajioB no obnactsam Dy, Dy, ..., Dy.

3apanue 3. BeruncnuTh 1BOMHOM UHTErpaj o objactu D:

y=x°,
a)”(ZX—y)dxdy, Diqy=-X ; 6)”xydxdy, D:{X:yz’
b X=2. D x=2

Pemenne. a) Iloctpoum obGnacte D Ha

et
>
=

wiockoct  XOY (puc. 7). Obmacte D y=x
OIUILIEM CUCTEMOW HepaBeHCTB (ciyyait |):
0<x<2,
D: )
—X<y <X,

Torma mo gopmyne (12) momyuum:

”(ZX‘y)dXdY=deXj(2x_y)dy: 0 2
D .2 <

2 X X x=2
:Idx 2xjdy— j ydy |=
0

X X Puc. 7
EdXLZXyer —y;rj = Idx[zx(XZ + x)—[%4 —X—;]] = Zfdx{zx?) +2x° _X_24+ X;]
1

2 4 4 3 5 4
_ 3,92 X | [,X  5X 1x )2 270 5.5 1,5_
‘{[2)”2’( > |X=127 45375 |o_2+62 10° =



2
6)gxydxdy, D:{i_;’ ’

[Toctpoum obnacte D Ha mmockoctu XOY (puc. 8). UToObl HaTH KOOPIUHATHI

TO4YeK mepecedeHnil TpaduKoB (YHKIHHA X=Yy%, X=2—Y, pPClUINM ypaBHCHHE

y2=2—y=>y?+y-2=0, yi,=-21.

U3 puc. 8 3akmoyaem, 4To 00IacCTh

D ortHocurcs x cinydaro I, u ee moxHO
\ omnucaTh HEPABCHCTBAMMU:
Lrr 2<y<l,
D:,
yo<x<2-y.

[To popmyne (13) momyuum:

Puc. 8

xydxdy = 1 dyz_y xydx = 1 dy yz_yxdx = 1 dyyx—2 2;y =
2
D 2y 2y ", Y




JAuddepenunaibHbie ypABHEHUS NIEPBOI0 MOPAAKA

HubdepennmansubiM - ypaBHeHueM (JY) 1-ro mopsiaka HaspiBaeTcs

ypaBHEHUE BUA:
y'=f(xy) (1)

CBSI3BIBAIOIICE HE3aBHCHMYIO ITEPEMEHHYIO X, HEM3BECTHYIO (QyHKIHUIO Y = Y(X) 1
ee mepByro npousBogaHyro Y[1. 3meck f (X, Y) — Hekoropas 3amaHHas (yHKIUSI
CBOMX apryMEHTOB, OIpe/elicHHas W HempepbiBHAs B obiactu D Ha mimockoctu
XOY. O6macts D HazwsiBaeTcs o6nacThio onpeneneHus ypapaeHus (OOY).

Oynkius Y =@(X), onpeseineHHas U auddepeHIpyeMas Ha HEKOTOPOM
uHtepBasie (a, b), Ha3wBaeTcs pewenuem ypasuenus (1), ecmw, Oymayun
MOJICTABJICHHOW B 3TO YypaBHEHHWE, OHa oOpamaeT ero B TOXIECTBO, T. €.

¢(x)=f(x,9(x)), mpu xe(ab). I'papux pemenus JY HasbBaeTCS

UHMESPATbHOU KPUBOL.

AY (1) umeem Gecuucnennoe muoocecmeo pewenuii euoa y=@(x,C),
3aBUCSIIMX OT OJHOW MPOU3BOJIbHOM MOCTOSTHHOW C. Takoe pernieHne Ha3bIBaeTCs
oowum pewenuem JY. Pemenune Y (1), koTopoe moiyyaercs U3 OOLIETO

pelIeHus y:(p(X,C) npu GuUKCHpoBaHHOM 3HaueHuM C, HA3BIBACTCS YACHIHBIM

peuweHuem.

He Bcerma pewenue JIY (1) Haxomurcs B Bupe Y=¢(X), HHOrZa OHO

IIOJIy4aEeTCAd B HEABHOM BUJE @(x,y):O, IIPY 3TOM 11 BCEX X U Y U3 HEKOTOPOU

D (X,Y) _

001acTd MOIDKHO BBIMONHATBCS — ————==f(X,y). Pemenue @(X,y)=0

@ (x.y)
HaspiBatoT uHTerpatoM JY (1), a ypasuerne ®(X,y,C)=0 HasbiBacTCs 00wjum
unmeepanom JIY (1) B HekoTopoit oomactu G €D, ecnu npu HauiekalieM BoIoope

noctosHHOM C oHO gaet moboe pemenue Y (1), rpaguk KoTOporo coaepXurcs B
obnactu G.

Haxoxnenue Bcex pemienun 1Y Ha3pIBaeTCs unmezpuposanuem ypaBHEHHUS.



Jlasee paccMOTpUM METOAbl HMHTEIPUPOBAHMA OCHOBHBIX THHOB /J[Y 1-ro
MOPAJIKA.
Ypaeunenusa c pazoenarowumuca nepemennvinu

Takue 1Y umeroT BUI:

y'=fi(x)- f2(y) (2)
. _dy
U pelaroTcs CIEeAyIomuM o0pa3oM: Tak Kak Y =gx’ TO YpaBHeHHE (2) MoxHO
dy
3aNHCaTh B BUMC = fi(x)-f,(y). Pasmenum mnepeMeHHbIE B IOIy4CHHOM

paBeHCTBe, T. €. mpu auddepennuaie dy codepeM MHOXHTEIAMHU (YHKIUH,
3aBucsmye oT Y, a npu auddepenmane dx — ynknuu, 3aBucsmme ot x. Js

dx

ATOTO YMHOXHUM 00€ 4YacTh ypaBHEHHUS (2) Ha MHOXKHUTEIb : ( ) cuuTas
2

f,(y)#0. CHMBOIMYECKH 3TO 3aIICHIBACTCS TAK:

. ff(xy) (f,(y)=0).

Homyanm —7— = fy(X)dx. HMnTerpupys mocnexnee paBeHCTBO, IONYYUM

001Ut HHTETpal

jfdy ~[f,(x)dx +C.

B cmyuae, ecnu ypasHenue f,(y)=0 umeer pemrennme y = b, xortopoe

HE I0JIy4aeTcsl U3 OOIIETo PEeleHUs] HU MPU KaKOM 3HA4€HUHU MOCTOAHHON C, TO Y
= b sBsiercst 0coObIM pernieHreM ypaBHEHUS (2).

3ananue 4.1. Haiitu o6miee pemienue /1Y
x - y'=y+1.
Pemenue. /1Y npusenem k Bumy (2), pa3nenvB 00€ 4acTh paBEHCTBA HA x:

y+1

y,:f\l/;’

O0Yy x=0.



dy

CornacHoO ONMCAHHOMY BBIIIE aJIrOPUTMY, 3aMEHHB Yy’ Ha g oy THM

dy y+1

dx  4/x

dx .
¥ YMHOXKMM 00€ YacTH paBEHCTBA Ha m(y +1+ O).

dy _dx
REaEY ©)

[IpouHTErprpyeM MOIy4€HHOE PABEHCTBO:

_ bopmyna 4
J-d_+y1: EJ—}IJWZJ‘({,_U:TwﬂHHH =Infu[+C =In|y +1|+C.
d =Y HHTETPaaoB
dbopmyna 3 1,
X _ [y agy — X 4.3
IQ/;_JX dx =|tabmuner  |= 1 +C—3X +C.

MHTETPANOB| ~Z +1

Jliia ynoOcTBa Tabauiia OCHOBHBIX MHTETPAJIOB MIPUBEICHA B TPUIIOKEHUH 1.

Bepuemcs k paBeHCTBY (3), ocTaBuB KOHCTaHTY C TOJIBKO B IIPaBOMl 4acTH B

Buze In |C1| :

In\y+ﬂ:%x‘§‘+lncl.

~lw
BNlw

Wl

X

(S

X

Hcmons3yst cBoiictBa jorapudmos, momyunm: Y +1=Ced —=y=Ced -1 —
oO1iiee perienue ucxogaHoro V.
[TpoBepum, UMEET U ypaBHEHHE 0COObIC PEIlICHUs. Y paBHEHUE SN Ha Y
+ 1, mosToMy Mornu mnorepATrs pemenne Yy = — 1. IlogctaHoBka B ypaBHEHHE
MOKAa3bIBAET, uyTO Y = — 1 — perieHune, 0JJHaKO OHO COACPKUTCS B OOIIEM pellIeHUN
npu C; = 0. Takum 00pa3om, 0COObIX PEIICHUI HET.
Oonopoonvie ypaenenus

Onnopoansie /1Y 1-ro nopsiika UMEIOT BU:

y'=f g) (4)

910 YPaBHCHHUC CBOJUTCA K YPABHCHHUIO C pA3ACIIIFOIMMUCA TICPCMCHHBIMUA

MpyU TOMOIIM 3aMEHbl Y =ZX, TIe Z:Z(X). JIeiCTBUTEIBLHO, IIOACTABIISIS B



ypaBHenue (4) y'=z'x+z, momysaem: z'X+z=f(z) — ypaBHeHHme ©cC
pasenIOIMMHUCS IEPEMEHHBIMU. Pasienss nepeMeHHbIE, TIOIydHM

dz
o <= f (z)-z

dx

(f(2)-2)x

W:T:IW:IMXHC.

, T(z2)-z#0, x=0,

y

[Iocne BeIUMCIICHUS HMHTCIpajla BMCCTO Z HYXHO IOACTAaBUTH ; Hu, CCJIN

MOJKHO, YIIPOCTHTH MOJIy9€HHOE BBIPaKEHHUE.
3ananue 4.2. Haiitu o6miee pemenue Y
_X
In (X)
X

Pemenue. Paznennm ypasaenne Ha X #0 (x = 0 ve npunaiexutr OOY) u

X+L — OJHOpPOJHOE ypaBHEHHE BUja (4) B KOTOPOM
In(—)

Xy'=y+

nonyynm: Y = y
X

JNlemaem 3ameHy Y=z-X, Z'=Z'Xx+z. Torma wucXomHOE YypaBHCHHE

CTAHOBHUTCA YPABHCHHUEM C Pa3ACIIAIONIUMHACS IICPEMCHHBIMM!

Z,'X+Z=Z+L, %X:L.M
Inz’ dx Inz X

Inzdz:(j)(—xzjlnzdz :Idx—x

Haitnem nHTErpaibl B JIEBOM U MPABOM YACTSIX MOJIYYEHHOTO PABEHCTBA!

UCTOJIb3yeM (POPMYITy UHTETPUPOBAHUS

110 4aCTIM Iudv:uv—jvdu, dz
=z|nz—Jz—:zInz—z+C.
dz Z

Ilnzdz:
rue u:an—>du:7

dv=dz—o>v=z



dbopmyna 4
Id—xxz TaOIHUIBI :1n|X|+C.
HHTErpaoB

Hrak, nomyuum:
zlnz-z =In\x\+C :%In%—%ﬂn\xhc — o0mwmit mHTEerpan ucxomaroro V.

Juneiinvie ypasnenus
JIuneitnbie Y 1-ro nopsiaka UMEIOT BUA:
y'+p(x)-y=a(x), (5)
rae P(X) u q(X) — u3BeCTHBIC (PYHKIIMHU, HETIPEPBIBHBIC HA HEKOTOPOM HHTEPBAJIC.
Takue ypaBHEHHs] OOBIYHO PEIIAIOT METOJOM bepHysuM, KOTOpBIM COCTOUT B
cienyromieM. PereHue wWieTcs B BHJI€ MPOU3BEIACHUS ABYX  (DYyHKIIMI
y(x)=U (x )V (x). Torga y'=UV +UV". Tloxcrasmsist y u y' B (5), momy4um:
UV +UV'+p(x)UV =q(x).
OO0BeguHUM BTOPOE€ U TPEThE CcCllaraeMble B JIEBOM YaCTH MOCJIEIHErO
ypaBHeHUs1, BbiHOCS U 3a CKOOKH, U TIOJTYyUUM:
UV +U (V'+p(x )V )=q(x). (6)
[TockonbKy OJTHY HEM3BECTHYIO (DYHKITHIO y 3aMeHWIH 1ByMs QyHkiusmu U
u V, To oJIHy U3 3TUX (PYHKIIMI MOKEM B34Th IPOU3BOJILHO. BriOepem QpyHKIIMIO
V(X) Tak, 4TOOBI OHA OBLIA PEIICHUEM YPaBHCHUS
V'+p(x )V =0, (7)
toraa Bropas GpyHkis U(X) 10KHA YIOBICTBOPSITh YPABHEHHIO
UV =q(x). ®)
PemB ypaBHeHHE C pazaenstomumuca nepemeHHbiMu (7), Haiingem V u
nojactaBuM ero B (8), oTkyma Haiinem U. OOmiee pemieHne MOIyYuM Kak
npousBeneHue HaieHHbIX GpyHKni U u V:
y=UV.
3apanue 5.1. Halitu o6mmiee pemenne J{VY:

y'+2y=e”



Pemenne. YpaBHenue umeer Buja (5), MO3TOMY SIBISIETCS JIMHEHHBIM.
Permim ero merogom bepuymm. Crnenaem 3ameny y=UV, y'=UV +UV':

UV +UV'+2UV =e™,
UV +U(V'+2V )=e™

V'+2/ =0,
[TpupaBuseM ko3 bunreHT npu U K HYJIIO U MOJTYyYHUM: {U \ e

PemuM nepBoe U3 NMOMyYEeHHBIX YpaBHEHUM:

4V _ O [V _ oy e
o Z\/‘V :IV = ZIdX:IHM— 2x =V =e (py  MHTETPUPOBAHUU

uCroyib3oBau GopMysbl 4 u 2 Tabmuibl uHTerpanoB). [lpu Haxoxnaenun V
noctosiHHyto C ToyiaraeM paBHOW HYJIO, TaK KaK B JAHHOM Cllydae JOCTaTOYHO

HAWUTHU HEKOTOPOE PEIICHUE.

[onyuennyro pynkuuio V =€ 2 1101cTaBUM BO BTOPOE YPABHEHHE:

Ue > =e*=U'=¢* :>d—U=eX
dx

dbopmyIibl 2 B 7 TaGIUIEI HHTETPAJIOB).

-ax :>de :Iexdx —=U =e*+C (ucmonp3oBayiu

Taknm obpasom, y=UV =(e*+C)e™ mwm y=e*+Ce™ — obmee

perrenue ucxogsoro Y.
Ypaenenua bepuynnu

YpaBHeHus: bepHyium uMeroT BUA:
y'+p(x)y=q(x)y*, rme a=0, a=l. 9)

Merton pereHust Takux YpaBHEHHUM TOT XK€E, YTO U IS JINHEWHBIX YPAaBHEHUU.

Ipumep. Haiitn oOmiee permenne AY: Xy +2y :%.

Pemenue. Paznenum ypaBHenune Ha X #0 (x = 0 He sBIACTCS pelICHHEM
nannoro J{Y):

'+2_y— ZW

y+3 "~ XCOS*X

[TonyuenHoe ypaBHeHue umeetr Bui (9), ciemnoBaTeNbHO, 3TO ypaBHEHHE

bepnymm. Caenaem 3ameny y=UV, y'=UV +UV'. [Tonyunm:



LY +UV'+2UV _ 23UV

X  xcos’x’
UV +U (v#l): 2y
X | XCos’X
V’+%:O,
H HUPABHJICM KO3 HUITUCHT IIpU U HVJIIIO U I10JI M.
pup iz p Yy yq _ ZW
XCOS?X

PemuMm nepBoe ypaBHeHue:

dv _ 2V |dx dv _ dx _ - 1
W_—T‘-V—:J‘V———ZIT:HM/\——2In\x\:>V =X"?=V =z

(ucnonp3oBasi hopmyiy 4 TaOJIUIIBI UHTETPATIOB).

[ToacraBum nosrydeHHy10 (pyHKIMIO V BO BTOpOE YpaBHEHHE:

ol 2\/Uju_2 2J_| ,JU 20U

X2 XCO0S*X X2 X2C0S*X COS% X dx  COS%X

¥ =JU =tgx +C =U =(tgx +CY’

2\/—(\5;&0)

5-[ Ju_ Jcos?x
(ucnonp3oBasii GOpMyJIbl 3@ 1 9 TaOIULIBI UHTETPAJIOB).

Takum o6pazom, obiee pemenne Y:

_(tgx+C )2
=7
Cny4qait V=0 u =Yy = 0 aBnsercsa pemeaueM J[Y, u Tak Kak OHO HE MOXKET OBITh
MOJIYY€HO U3 OOIIEro penieHus, TO ABJISIETCS 0COOBIM PEIICHUEM.
Bce paccmorpennsie Tumnbl Y 1-ro mopsaka ¥ METOAbl MX PEIICHUS

BKJItOUEHBI B Tabmuity JIY 1-ro mopsnaka (cm. mpuit. 2).
3aoaua Kowiu 0na oupghepenyuanvnozo ypasnenus nepeozo nopaoka

3amaua Kommm mns 1Y 1-ro mopsiaka cCOCTOMT B CIEAYIOMIEM: U3 OOIIETro

peurennss  y=¢(x,C) TpeGyercs Bblmenuth Takoe pemenue Y =¢(X,Co)
ypaBHeHus (1), KoTopoe yJIOBIETBOPSET HAYAIBHOMY YCIOBHUIO: (p(X0)=y0, rae

(X0,Yo) — 3amanHas Touka miockoctd XOY. VYcnoBus CyuLIeCTBOBAaHHS M



CAMHCTBEHHOCTH pemeHns 3agaun Komm chopMynupoBaHbl B  CIEAYIONICH

TeopeMe.

Teopema. Eciu ¢gynxyus y=T(X,y) onpederena u nenpepvigna 6

of

Hekomopou obracmu D na niockocmu XOY, a uvacmmuas npouzsoonas ——

oy
ocpaHudena 8 3mou 0Oaacmu, mo KaKkogvl Obl HU ObLIU YUCIA Xo,Yo, Makue, 4mo
mouxka M (Xo,Yo)€D, naiidemes eduncmeennan @ynxyus y=@(X), aersowascs

peuwenuem ypaguenus (1), nenpepwvlgHo oOughgpepenyupyemas Ha HEKOMOPOM
npomedxcymke, cooepircauem mouxy Xo, u maxas, 4umo ¢(Xo)=Yo.
3apanme 5.2. Onpenenuts T Y u pemmts 3aaauy Ko

y+/X2+y?—xy'=0, y(3)=4.

Pemenue. [l onpenenenus tuna Y Bbipa3uMm U3 ypaBHeHus Y.

2 2
y’:1+@, (x#0).

X

vy X"ty
BneceM x 1oj 3HaK KOpHs, BO3BEA €0 B KBajparT: Y —;+

N B IIOAKOPCHHOM BBIPAKCHUMN IIOJACIUM IOYICHHO YHCIMUTCIIb Ha 3HAMCHATCIIb,

y' :¥+4 fl+ (%)Z (10)

Wrax, npuBenn ypaBHeHue K Buay Y = f (%) [To Tabmuue Y (cM. mpui. 2)

MOJy4YUM

OmpenesiieM, YTO YpPaBHEHHE OJHOPOJHOE M PEHIAeTCS 3aMEHOM Z=-=-, Y=IX,

X |<

y'=2z'x +z. Cnenaem 3ameny B ypaBHenuu (10): z'X +z=z++/1+2%, yurem, 41O

r_g g . 2|, dx 2 dz _d_X
z —dX:>dXx—x/1+z —x ~a (»\/1+z ;tO), —\/1+7_ "

Hcnionb3ys popmyst 12 u 4 TaOIuUIl HHTETPAJIOB, TTOJIYYaeM:

In‘z+ 1+ 272

=In|x|+InC.



[Tpon3BONILHYIO MTOCTOSIHHYIO HHTETpUpOBaHUs Bbipaswiu B Buie INC, urto

[O3BOJIMJIO 3amucaTh oOIlee pelleHue, UCMIONb3ys CBOWCTBA JOrapugmos,

B BHUJIE:

Z++1+2% =Cx.

2
VYuuThiBasg BBIIOJIHEHHYIO 3aMEHY Z =%, HOJTY4UM ¥+ 1+ (%) =xC —

obmree pemenre /Y B HEIBHOM BHUJIE.
Haiinem Takoe pelieHHe, KOTOPOE YIOBIETBOPSCT HAYaIbHOMY YCIIOBHUIO

¥(3) = 4. [Ins aToro moactaBuM B oO1riee pemenne X =3, Y =4 u HaleM 3HaUYCHHE
noctosHHou C:

4 16 4 5_ _ _
§+ 1+§—3C:>3+3—3C =3=3C =C=1.

Wrak, Hanumm 3HaueHue noctostHHou C, mpu koTopoM petienue 1Y Oynaet
YAOBJIETBOPATH YKa3aHHOMY Ha4aJIbHOMY YCIIOBHIO.

Pemenue 3aJa4dn Komm 3aIIumicM, ImoaACTaBMB B 0611166 pPCHICHHUC 3HAYCHUC

2
Y, 1+(Xj =
X X

JAu¢ppepeHunanbHbie ypaBHEHHUs BTOPOIo MOPSIAKA

noctosgHHOU C:

HuddepennanibHpiM  ypaBHEHHUEM  BTOPOTO  TOpPSAKA  Ha3bIBAeTCs
ypaBHEHUE, CBSA3BIBAIOIIEE HE3aBUCUMYIO TIEPEMEHHYIO, HICKOMYIO (DYHKITHIO U €€

MEPBYIO U BTOPYIO MPOU3BOIHBIE. B 00111eM Cityyae Takoe ypaBHEHUE UMEET BUJ:
F(x,y,y,y")=0. (11)
Oo6mee permenue ypaBHenus (11) mopKHO conepikaTh JIBE MPOU3BOJILHBIC

MOCTOSIHHBIE, T. €. UMETh BUI Y =(p(X,C1,C2). 3anaya Ko st /Y 2-ro nmopsaka

GopMymupyeTcss TakuM 0Opa3oM: HAWTH Takoe peLIeHHE YPaBHEHHs, KOTOPOE
YIOBIETBOPsIO Obl yeinoBusaM Y(Xo)=VYo, Y'(Xo)=Yo, Tae XoYo,Yo— 3aJaHHbIC

qHuciia.



Jluneitnvie 00nopoonvle ougghepenyuanvuvie ypagHenus
6MOP0O20 NOPAOKA C ROCMOAHHBIMU KOIPPuyuenmamu
Jluneitnple  omHoponHble Y  2-r0  mopsaka € MOCTOSTHHBIMHU
Kod(purreHTaMu UMEIOT BU/T;
y'+py'+ p.y =0, (15)
IJI€ p1 U P — JIEVCTBUTEIbHBIC YUCTIA.
CoriacHo TeopeMe O CTPYKType OOIIEero peneHus: IMHEIHHOTro 0JTHOPOHOTO

I[y JOCTAaTOYHO HAWUTHU JABa JINTHEMHO HE3aBHUCHUMBIX YaCTHBIX pCUICHUA yl(X) 141

Y2(X) ypaBrenus (15), 4To6bI 3anucars ofLiee peleHHe:

yOO(X ) :C1Y1(X)+CZY2 (X )
Bynem uckathb pemenre ypapaenus (15) B Buge y =€, rae A — HekoTopoe

nocrostHuHoe. UtoObl ompenenuts A, moxactaBuMm Y,Y,y" B ypaBHenwe (15).
B pe3synbTare I0JCTaHOBKU MOIYYHM ypaBHEHHUE € (7»2 + A+ pz) =0.

Tak kak e* %0, To
A2+ ph+p, =0. (16)
KBanpataoe ypaBHenue (16) Ha3pIBaIOT Xapakmepucmuyeckum ypasHeHuem
s JIY (15), a ero XopHU A, U A, Xxapakmepucmuueckumu uuciamu. llpu

peIIeHNH XapaKTePUCTUIECKOTo ypaBHeHUs (16) MOTYT BOBHUKHYThH TPU CITydast:

a) Kopuu A, u A, AelcTBUTENIbHBIC U pa3fiuuHble. Torma olliee penieHue
ypaBHeHus (15) OyaeTt umeTs BUA:
Yoo =Ci€"* +C,e", (17)
0) Kopuu A, u A, nelcTBUTENBHBIC U paBHBIE, A, =A, =A. OO0Iee pemeHne
ypaBHeHus (15) Oyaer umeTs BUL:
Yoo =€ (C1+CyX). (18)
B) Kopuu A; u A, KOMIUIEKCHO COIpsDKEHHBIE, Ay, =axib. Torma oOmiee

peuenue ypaBuenus (15) mpumer Bu:

Yoo =€ (C,cosbx +C,sinbx). (19)



3apnanme 6. Haiitu oOmme pemeHus TUHEHHBIX OmHOpomHBIX Y 2-TO
MOPSJKA C TOCTOSITHHBIMU KO3 PUITMEHTaMU:

a) 4y"+9y'+2y =0; y"—10y'+25y =0; B) y"'-2y'+17y=0;

Pemenue.

a) 4y"+9y'+2y =0. CocTtaBuM XapaKTEPUCTHICCKOE YpaBHEHUE:

42+ +2=0.
PemmM ero, UCHoab3ys (opMyTy KOpHEH KBaAPATHOIO YPaBHEHUS:
2
a2 +b)+C =0, Mz:‘bi*'zba“‘ac. (20)

[TomyuuMm KOpHU:

=9GP 442 _—9+\49 _-947.
12 = N ’

2-4 -8 8

[Tockombky A4, A, €R U A #A,, TO OOIIICE perieHue 3anuiieM B Buje (17):

yoo = Cle_zx +C2eiz.
0) y"—10y'+25y =0.
XapakrepucTuueckoe ypasaenue: A —10L+25=0,

ero KopHu Haitnem 1o dpopmyiam (20):

K2_10J_r\/102—4-1-25 _10J_r0_5
12 = 5 = =9.

2

[Tockonbky A=A, =A€R, T0 ob1Iee pemrenue 3amuiiem B Buze (18):

yoo = 85X (Cl +C2X )
B) y'-2y'+17y=0.
XapakrepucTHUecKoe ypaBHenue: A2 —2A+17=0,

€ro KopHu Haitem no gpopmyie (20):

2+(-2Y —4117 2+ T84 2480 ..,
M2 = 51 = 5 ==5 =1+4i.

[Toyunnm KOMIUIEKCHO COTIPSDKEHHBIE KOPHH BUa A, =atib, tnea =1, b =4.

Pemenue 3anuimiem B Buje (19):



Yoo =€*(C,c084x +C,5sin4x).
IIpumep 7.1. Pemmts 3anauy Kommu:
y'+9y' =0, y(0)=2, y'(0)=-3.
Pemenne. Xapaktepuctuueckoe ypasHenne: A2+9=0.
Pemmm ero:  A2=-9 A,=+J-9; A, =+3i
A, — KOMIUIEKCHO CONpSDKEHHBbIE KOPHU BUaa A, =axib, rme a = 0, b = 3.

Pemenue 3anumem B Bujie (19), mpu 5Tom yureM, uro €°=1:

Yoo =C,€0s3x+C,Sin3x.
Haiinem koncrantel C; 1 Cy, A 3Toro npoauddepeHnupyeM nory4eHHoe oo1ee
peleHue:
Yoo =—3C,Sin3x+3C,C0s3x.

[ToacTraBuB HavyanbHBIC AJaHHbIe X = 0, Y=2, Y'=—1, noay4dum

—-3=-3-C;sin3-0+3C,c0s3-0, C,=-1
2=C;sin3-0+C,c0s3-0. C,=2.

I/ITaK, PCHIICHUC 3aJa41 Komm:

y =—C0S3X+2sin3x.

Ypaeuenusa, oonycxkarouwgue nonusicenue nopaoka

OcHoBHBIM criocoOoMm uHTerpupoBanus Y (11) sBisgercss mnoHMKEHHE
nopszika. PaccMoTpuM OJIMH M3 Ciy4yaes, KOrjga 3TO BO3MOXHO. Eciau ypaBHeHue

(11) umeet Buxa:
y"=f(x), (12)
T. €. TpaBas dYacTb He comepxur y u Yy, To JIY pemaroTcss ABYKpaTHBIM

10CJIe10BATEIbHBIM HHTETPUPOBAHUEM:
y :I(I f (x)dx)dx +Cx +C..
IMpumep 7.2. Pemnts 3anauy Komu:

y"=c0s?2x, y(0) :1%, y'(0)=1.



Pemenne. Haiinem cHauana y'

UCIIOJIb3yeM GopMyTy 1 1 L
r_ 2 _ == = = —
y —Icos 2xdx = HOHI/DKefH;I CTEIECHU : —Zj(l+cos4x)dx _ZIdX +2Jcos4xdx =

c0s” o =5(1+c0s20:)
IJs1 BTOPOTO
=|MHTErpana 3amMeHa —zjdx <L %1 cosudu :HCEOHBWCM bopmynsl 1 u 7‘:
u= 4X du=4dx TAaOJIHUIOBI UHTCTPAJIOB
:%x +%sin4x +C,.
I/I r_l 1 -
TaK, HONY4nM y'=5X +§sm4x +C.. (13)

Haiinem y uaterpupoBanuem ypaBHenus (13):

(1, 1. 1 (e
y_f(—x+—3|n4x+C1)dx_zjxdx+8jsm4xdx+

B 1
+dex 5 2 32cos4x+C1x+C2
[Tonyuum oO1iee perieHue:
1
y= 4 32cos4x +Cx +C.. (14)
Hatinem xonctautel C; u C,, NOACTAaBUB HadajabHble maHHbIE x = O,

y:%, y'=1 B hopmyiel (13) u (14):

1=2-0+1sin4-0+C, {1:(:1, {(:1:1
1 1 3
i—o_z_ 1 _:__+C2 C2 ==
T 320084 0+C,-0+C,. 16 32 32
Wrak, pemenue 3anaun Komm:
2
yzx——icos4x+x+i

4 32 32°



YucsioBoii psig u ero cxogumocts. Heodxogumoe yciiosue
CXOJAMMOCTH psiga

Yucnosvim psaoom Ha3bIBa€TCA BbIpRXKEHHUE BUIA!
0
UptUp ot Uiche = DU

u=rf (K) HaspIBaeTCs 0b6wuM unenom psoa.
CyMMa KOHEYHOTO 4YHCIa N TIEPBBIX UICHOB psJia Ha3bIBACTCA 1-0l
YACMUYHOU CYMMOU PAOa.

n
Sp=Up+U,+.F Uy =D Uy
=

o0 06}
P Uns1HUnspT... = D U, HA3BIBACTCS n-M OCHMAMKOM paoa Y Uy .
k=n+1 k=1

Psan  HasbiBaeTcs cxooswumcs, €CAM  CYHWIECTBYET KOHEYHBIM Mpefen

MOCNIEI0BATENBHOCTH €r0 4acTHdHbIX cymm: liM Sp=S. Yucno S HasbiBaeTCs
00

o0
cymmoti psoa. Ilpu stoMm mumyTt » U, = S. Eciu npefen 4acTHYHBIX CYMM PaBeH
k=

OECKOHEYHOCTH, T.€. r!@ Sy=t00, MIM HE CyWECTBYET, TO PsAJ Ha3bIBACTCS
Q0

Pacxoo0saumuUMmMcs.

PaccMoTpuM psii U3 WIEHOB reéOMETPUYECKONW MPOrpeccuu (reoMeTpUYeCKHit

pan):
a+ag+aq’+...+aq"+...= > aq"
n=0

CyMMa MepBBIX # YIEHOB T€OMETPUUYECKOW MPOTPECCHM BBIYUCISAETCS IO

_n
bopmyie Sn=a+aq+aq2+...+aq"'1=d%g), ecin (#1. Ecmm [q|<1, TO r!mo Sp=

o0
——, T.6. DS CXOOUTCA M €ro cymma S=) aq”=i. Ecmu |g/>1,10 psn

1_q n=0 1_q

pacxoauTes: r![>n00 S, = B ciaydae =1 u ne cymecrsyer B ciyuae 0= -1,



00

I/ITaK, FeOMeTpI/IquKI/Iﬁ pan Z aq” CXOOUTCs TOTJa U TOJBKO TOraa, Koraa
n=0

/<1, n ero cymma s=_2_

o0
Ecmm psan Zun CXOJUTCS, TO €0 A-1i YWIEH NpU N —> 00 SBISETCA OECKOHEYHO
n=1

MaJioll BEJIMYUHOM, T.€. r![)n Uy =0. D10 HEOOX0AUMOE yCI0BHE CXOAUMOCTH Psla.
o0
Ecnmu xe Ir![)nooun #0, To psaa pacxoauTcs (JOCTATOYHBIA MPU3HAK PACXOAUMOCTU

psna).

IosoKkuTEIBLHBIE PHAAbI

o0
YuciaoBon paa Zun HAa3bIBAIOT nOJ102MCUME/IbHbIM, C€CIIN BCC YJICHBI Psaad
n=1

HEOTPULIATENbHBL, T.€. U, =0 npu modom N,

Teopema (KpuTepHuil CXOAUMOCTHU TOJOKUTENBHOTO psifa). Lyisg Toro 4roObl
MOJIOKUTENbHBIA YUCIOBOU PSAJl CXOUJIICS, HEOOXOAUMO U TIOCTaTOYHO, YTOOBI €ro
n-s 9aCTUYHAsi CyMMa Obljla OTpaHUYEHa CBEPXY, T.€. Sp<M.

JUIst uccnenoBanys CXOAUMOCTH IPUMEHSIIOT TOCTAaTOYHbIE Npu3HaKku. Cpenn
HUX YacTO MCHOJB3YIOT MpU3HaKu cpaBHeHud, JlamamOepa, paauKalbHbIA U
VMHTETPAIbHBIN ITpu3HaKku Komm.

Ilpusnaxku cpasnenusn

Teopema (1-ii npusHak cpaBHeHUs). [IycTh naHBI 1Ba TOJIOKHUTEIBHBIX pPsfa:

o0 o0
ZUn )51 ZVn M IIYCTh IJId BCEX 7 HAYHMHaAsA C HCKOTOPOTO HOMEPA, BBIIIOJIHACTCA
n=1 n=1

Un <Vp. Torma

o0 o0
1) ecmu psin Y.V, cXomuTes, TO paf Y Uy TaKXKe CXOTUTCS;
n=1 n=1

[0 0] 0
2) ecnm psn ) Up PACXOMHTCA, TO P ) Vpy TaKKe pacXOIUTC.
n=l Nn=.



Teopema (2-i npusHak cpaBHeHus ). Eciu cymiecTByeT KOHSUHBIN, OTIIMIHBIN

. u
oT Hy.IIH HpCI[GJI |Im —nZC(C * 0, C ?‘—'OO), TO p}II[BI OKBHUBAJICHTHBI B CMBICJIC
n—o0
n

CXOOUMOCTH, T.C. 00a pAaaa CXoasdaTCa Uik pacxodiaTCda OAHOBPEMCHHO.

]_IJ'ISI CpaBHCHH: UCIIOJIb3YIOTCA 3TAJIOHHBIC PAOBI:

0
a) reoMeTpHYecKui psan ), ag’, Koropsli cxomurcs mpH |d|<l wm
n=1

pacxomuTes npH |q| > 1;
0
. . 1 o
6) 00OOIICHHBIH IapMOHUYECKHI Pl ) —5, KOTOPBIH CXOIUTCS MPHU
n=1 1

p>1 m pacxomurca mnpum p<l. B caydae p=1 psag Ha3pIBAIOT
rapMOHUYECKHM.

[Ipu BbIOOpE pATOB 1711 CpPAaBHEHMS IIOJIE3HO TIOMHHUTH CJEAYIOLINE

CIICOAJIbHBIC ITPCACIIbI:

. Sina N (0 1 . arcsing
lim —==1; hmg—:l; im ———=1;
a—>0 o a0 ¢ a—0 o

. arctga . Ihl+«
|Im—g=l; lim (—):1.

a—0 o a-0 o

VY 100HO Tak)Ke MCIOJIb30BaTh HEPABCHCTBA!
1) sina<a <tga, ecnu 0<a <% ;

2) [sina|<1; [cosa| <1,

3) Inn<n s Bcex HatypanbHbIX 72 1 INN>1 mpu N> 3.

Ilpusnax /lanamoepa

0
HyCTL JUIA TIOJIOXKHUTCIIBHOTO psiaa z Uy CyHIeCTBYET KOHEYHBIN npeaci D=
n=1

. u
lim —2+1 Torma, ecmm D<1, To psin cxomutes, ecnmu D >1 — psig pacxoaurcs, pu
n—w U
n

D=1 — Huyero oOmnpeaeseHHOTO O CXOAUMOCTH WM PACXOIUMOCTH psja

YTBEPKIATh HEJIb3S.



[Tpusnak J[lamamOepa wucHonb3yeTcsi, €clid B 3alHUCH K-TO YIeHAa psAja

IpUCYTCTBYeET 1160 a” Hapamy ¢ NP | m6o paxropuan n!.

{1, anéé n=0:
nl=

o (unTaercs «3H-(pakTopUaI?).
1.2-3-..-n, anée n>0

Paouxanvuwtii npusnax Kowu

[IycTh Ayl TIOJOKUTENBHOTO psifia ZUn CYIIECTBYET KOHEUHBIA mpeaen K=
n=1

lim «/ . Torma, ecu K<1, To psig cxoautes, eciiu K>1 — psj pacXoauTcs; Ipu

nN—oo
K=1 — Huyero ONpeaeIeHHOr0 O CXOJUMOCTH WIH PACXOJUMOCTH psiaa
YTBEPKJIaTh HEJb3sI, HY>KHO MMPUMEHUTH JPYroi MpU3HAK.

3aganme 8. UcciienoBath Ha CXOIUMOCTD PSIJIBL:

DA % 3”+n o 3l SARE
2) Z n2+lnn 0 %tgéﬁ’ B) Z ! ngi

>
I |

Pewenue.

o0
a) Jlna cpaBHEHMsS BO3bMEM P |
n=1

2 KOTOPBIN CXOAUTCS KaK 00OOIICHHBIH
rapMOHUYeCKUi psf (p=2>1).

1
[Tockonbpky <F2 npu n > 1, To MO0 epBOMY NPU3HAKY CPaBHEHUS

n2+Inn

HCXOI[HBIf/'I pAaa TaKKE CXOAUTCHA.

0) Jus cpaBHEHUS BO3bMEM psijl Z \/_ KOTOPBIM pacXOAUTCSA KAk

00O0OIIICHHBIN TAPMOHUYCCKUH PSIT (p:g <1).

[TIpumenuM 2-i1 npuU3HAK CPAaBHEHUS:

CJIeI[OBaTeJIBHO, pAAbl SKBHUBAJICHTHBI B CMBICIIC CXOAMMOCTH, W 3HAYHT,

MCXOJHBIN PAJT TAKKE PACXOUTCS.



0 n
B) Jlns cpaBHEHUS BO3bBMEM psll Z [2) , KOTOPBIM pPAaCXOIMUTCA Kak
n=1

TCOMETPUYCCKUM PsJT (ng >1).

3"+n_(3
2

n
ITockombky Uy, __2n_> —} =V, 114 BCeX n , TO IO NEPBOMY IPHU3HAKY

CpaBHCHHUA HCXOI[HBIfI PAd TaKKE PaCXOJANUTCA.

n+1
r) [Ipumennm npusnak [lanambepa. OOuwmii wieH psga Up = Zgn——lj" (n+1)-i

3(n +l)+1 3n+2
WICH pAza Uy, | 1= 2(n+1)-1) @2n+1)

. u
Brruucss npegen D= lim —1+1 nmonyuaem:
Nn—o un

3n+2

(2n+1) _ m]y”an—ﬂ:BHm 1.2:3-.-2n-1)
3N T nSw3ntlon g1y T roe1.2.3. . (2n—12n-(2n+1)
(2n-1)

D= lim

N—o0

=3 lim
2 N> n(2n+1)

=0<1. CornacHo npusHaky JlamamGepa psij CXOIUTCS.

n) VcnonszyeMm paaukanbHbiid npusHak Kommm. OOmuit wieH psaa

[2n2+1
Un:

3
—-N
J . Haitnem K= lim Yu, -
on 2 n—oo

2 .1\ —n3 2 . 1\—n3/n —n?
K= lim Q/(Z” +1j - Iim(zn +1] - lim (1+ij .
n—oo on 2 n—%(  92n 2 N—o0 on 2

= lim (1+ij2n2 _1/226—1/2=i<1.
n—>c0 2n2 Je

CHGI[OB&TGJIBHO, I/ICCJ'IeI[yeM]EJﬁ pAax CXOAUTCA.

3ameuanue. [Ipu pemieHnn NCoab30BaH BTOPOM 3aMeydaTeNIbHbINA Mpeaes

iml+a) “=e=2,718...

a—0



3HaKonmepeMeHHbIe PSbI

ECJII/I YJICHBI pﬂ):[a Zun HMCIOT pa3HHe 3HAKHU, TO TAKHEC pHI[BI Ha3bIBAKOT
n=1

SHAKONEPEMEHHBIMU.

0 0
Psan Z u, Ha3bIBACTCsI abCcoOMHO CXOOAUWUMCS, €CITA CXOTUTCS PAI Y |u,|,
n=1 n=1

0
COCTaBJIGHHBIﬁ n3 a6COJ'IIOTHBIX BCIIMUHMH YJICHOB p;ma. PSII[ Zun HaA3bIBACTCA
n=1

YCI06HO CXOO}ZWMMC}Z, CCJIM OH CXOIHUTCA, a P, COCTaBJICHHBIA M3 a0COIIOTHBIX

BEIIMYUH YJIECHOB pAla Y |u,|, PACXOIUTCH.

n=1

00
T eopema. Ecnn CXOOUTCA PAO Z|un|, COCTABJICHHBIU U3 a6COJIIOTHI>IX BCIINYUH
n=1

00
YJICHOB AAHHOI'O psda Z Up> TO CXOOUTCA U JaHHBIU PAMO.
n=1

YucnoBsle psjbl, JIFOOBIC JIBa COCEAHHMX WieHa Uy U Upyy (N=1,2,...) KOTOpPBIX
MMEIOT MTPOTUBOIOJIOKHBIE 3HAKU, Ha3bIBAIOTCS 3HAKOUEPEOVIOWUMUCHL.

. & n+1
Ipusnak Jleionuya. Tycts wieHs 3HaKodYepemyromerocs paga » (-1) U,
n=1
(un>0) TakoBEI, YTO

1) lim u, =0,

nN—o0
2) Up> Upeq JUIS BCEX N, T.€. YICHBI PsIIa U3 a0COTIOTHBIX BEIMYUH MOHOTOHHO

© n+1
yOBIBaIOT, TOT/IA PSI Z(—l) U, cxomurcs U Juist 1000ro N=1,2,... BBIOJIHACTCS
n=1

HEpaBeHCTBO |S —Sp<Up ¢, rae S, — N-s YacTHYHAs CyMMa , a S — CymMa psja
& n+1
> 1) Uy,

1

0

Anzopumm uccnedosanus 3HaKouepeoyruuxca paooe Z(_1)“+1u
n=1

1) ITpoBepuUTH BBIMOJHEHO JU HEOOXOIUMOE YCIOBUE CXOIUMOCTH psijia: €CIu

n

r![)n Up # 0, To psa pacxogures, ¥ UCCIEJOBaHHE 3aKOHUYEHO.
00

0
2) IlpoBepuTs psig Ha AOCOMIOTHYIO CXOJUMOCTD: €CITH PSIJT z lu| CXORUTCS, TO

n=1

UCCIIETyEeMBbIH psAJl CXOAUTCSA a0COIIOTHO.



3) Ecnu psan He cxoautcs aOCONIOTHO, TO ISl MCCIEAOBAHUSA CXOJIUMOCTU
3HAaKOYEPEeIYIOIIErocs psaa UCIonb3yloT npusHak JleOnumna. Ecau oba ycnoBus
ATOTO MpHU3HAKA BBIMOJHEHBI, TO 3aKJIIOYaeM, YTO HMCCIEIYyEeMbIH DSl CXOOUTCA
YCIIOBHO.

3aganume 9. lccienoBarh 3HaKouepeayromuecs psjibl Ha aOCOJIOTHYIO U

YCIOBHYIO CXOOUMOCTD:

2 (-1)"n z (-1)"Inn z (-1)"7"
a _; §) - B /S
) nzz‘i\/n6+4n5+3 ) nzi n ) nzzl n4
Pewenue.

0
a) PaccmotpuM psig u3 aOCOTIOTHBIX BEJIMYUH WICHOB JAHHOTO Psja: Z|un| =
n=1

o M
S VnB+4n5+3| i2/nb+4n5+3
OO6muuii wieH 3Toro psja |Up|= n :
JNn®+4n5+3
0 © 1
Jlns  cpaBHeHMs BO3bMeM psAx Y Vp= Z P KOTOPBIM CXOIMTCS Kak
n=1 n=1

00001IIEeHHBIN TAPMOHUYECKUH PsJI C TTOKazaTesneMm p= 2>1.

. Up
Beramcnss lim —' momydmm
n—)OOV

n
u . [~ 6 5 . n3 o0
lim Yn = fjm ¥YN°+4n°+3 _ iy =2 |=
AV 1 5% /n64+4n5+3 (oo
n2
_ 3
:r!|_r;£10 =1#20u #o©
4 3
n’ I+—+5
n n

00
CrnenoBatesibHO, COMIACHO BTOPOMY MPU3HAKY CPABHEHUSI, PSI

n=1/n6+4n°+3
TOXE CXOAUTCH.
HOCKOHBKy pf[I[, COCTaBHeHHBIﬁ n3 a6COHIOTHBIX BCIIMUUH YJICHOB

HCCIICAYCMOTO psaaa, CXOAUTCA, TO I/ICXOI[H]EJﬁ paAa CXOOUTCA a0COJIFOTHO.



. &Y Inn|_&hn
6) CocraBusieM psn U3 aOCOMIOTHBIX BENHYHH: ), - |:Z -
n=1 n=1

UCCIIETyeM €ro Ha CXOJAMMOCTh, BBIOUpast /I CpaBHEHUS] TAPMOHUYECKUH P Zﬁ
n=1

, KOTOPBIHA pacXoauTcs.

Inn_ 1
[Tockosbky T>ﬁ npu N>3, TO MO MEPBOMY MPHU3HAKY CPaBHEHUS DSl
nn . .
ZT TAaKXKC paCXO,ZII/ITCH. 9T0 O3Ha4acT, 4ToO I/ICCJIGI[yeMI:II/I 3HaKO‘{€pCILYIOHH/II/ICH
n=1
p}II[ HC CXOIUTCA a6COJ'IIOTHO.

HGPGXOI[I/IM K HCCICOOBAHHMIO Ha YCJIOBHYIO CXOAHMMOCTBH IIO IIPU3HAKY

JlentOuma:
’
Inn (o0 . (Inn 1
1) lim— Q—thmﬁ——lzlmr—:o
n—>wo 0 noo N’ n—w N '

o0
(HpI/I PACKPBITHN HCOIIPCACICHHOCTHU THIIA [—j HCIIOJIB30BAJIN IIPAaBHIIO
e}

Jlonurans).

0
2) TIpoBepuM yclI0BHE MOHOTOHHOTO YOBIBAHHS WICHOB psina Y |u,| mpu

In x
BO3pacTaHuu HoMmepa 7. J{Jist 3Toro paccMoTpuM QyHKITHIO f(X)_T’

onpeaencunyto npu X>0. Ee npoussognas f'(X) = —IQ—X <0 npu x>e=2,718..

3Ha4uT f(X) MOHOTOHHO YOBIBACT MPH X > €, B YACTHOCTH, IIPU N > 3 BBITOJIHACTCS

In(n+1)
n+l °

Mn

f(n)> f(n+1), cnemoBarensro, |Up|=—— > |Up 1=

Urak, oba ycnoBus npusHaka JIeiOHMIA BBITIOJHEHBI. 3HAUYUT, UCCIETYEMBbIi
pan cxoauTcs (YCIOBHO).

B) 3aMeqaﬂ, qTo HCO6XOI[I/IM06 YCJIIOBHUC CXOJUMOCTH psAZid HC BBIITOJIHACTCA

n
(r![)n — = oo] , 3aKJIF0YaeM, YTO JIAHHBIN PSJT PACXOIUTCS.
Q0
n



7 () o TMT (@) . 77P (o) . 77y
Im —=| —|= lim =—|= lim ——2 =] = |=lim —Z, =
N—o0 n4 o0 n— o 4n3 00 n— o 12n2 o0 n—o0 24n

4
o0 _ 7“(In 7) 00
=—|=lIm ——=| — |=x
©) L. 24 24
CreneHHble psiabl
CmenenHvim psioom Ha3bIBACTCS BHIPAKCHHUE BHUIA!
0
Y apX"=a,+a X+a,Xe+...+a, X ...,
Pl 0T HATA n
rJic X — He3aBHCHMas mepeMeHHas; a, , N=0,1,2,..., (koapdunmreHTsl psga) —
noctosiHabIe. [Ipu BcskoM (PMKCHPOBAaHHOM YMCIIOBOM 3HAYCHHUH X CTCTICHHOM DSt
mpeBpamaeTcs B YHCIOBOM, KOTOPBIM JHOO CXODUTCS, JHUOO PacXOIUTCs.
OcHOBHasl 3aj7]a4ya MCCIEOBAHUSI CTETIEHHOTO pAJla — HAXOXKJIEHHUE ero 00JacTu

CXOOHUMOCTH.
Oobnacmvio cxooumocmu CTEIICHHOTO psada Ha3bIBACTCA MHOXKCECTBO BCCX

3HAYEHUH X, JJI1 KOTOPBIX 3TOT PSIT CXOJIUTCA.

Yucno R >0 HazpiBaeTcst paduycom cxooumocmu CTENIEHHOTO Psiia, €CIH P
CXOZHTCS JUIL BCEX X TakuxX, 4to |X|<R, m pacxogumrcs I BceX X TakKHX, 4TO
X|>R.

OO6nacThi0 CXOAMMOCTH CTENEHHOTO psiia € TEPEMEHHON X SBISAETCS
untepBas (-R; R), BO3MOXXHO, MOMOJHEHHBIH OJHONW WM OOCUMH KOHIIEBBHIMU
TOYKAMHU.

Ecimu psa cxomutes numbs npu x=0, cuutaroT R=0; ecnu psaa cXoauTtcst mpH
JIFOOOM X, TO CUMTAIOT R=+ 0.

Pannyc cxoauMOCTH CTEIIEHHOTO Psijia BRIYUCIISICTCS IO OJTHOM 13 (GOpMYII:

. a 1
Rzr!l_l’lloa " pm R=————.
n
n+1 r!mo”|an|

Ecim ummeercss CTENEeHHOM pPAA MO CTEINEHAM (X—XO), T.€. pAd BHUAA

0 0]
n
z an(X—XO) , TO HHTEpBaJ CXOAUMOCTH psiga paauyca R umeer BHI

(X% —R, X +R).



Ha xoHIIax uHTEpBana CXOAMMOCTH PA3IUYHbIC CTENIEHHBIE PSJIbI BEAYT CEOs
M0-pa3HOMY, [TO3TOMY B 3TUX TOUYKax TPEeOYIOTCS JOMOJHUTEIbHBIE UCCIETOBAHUS
Ha CXOJUMOCTb JUIsl K&XKJI0TO KOHKPETHOTO psiJia.

Anzopumm HaxodxcOeHUus 0061acmu cX00UMOCMU CHIENEHHO20 PAOA.

1) Bolnucath KO3(QQUIMEHT CTENEHHOIO psAda dp U B 3aBUCUMOCTHU OT €T0
BUJIa BBIYUCIIUTh PAIUYC CXOOUMOCTH psija R.

2) Ecou R=0, To cTeneHHON psiJ CXOAUTCS JIUIIb B OAHOW Touke x=0 (1
X=Xp); €cli R=00, To psiA cX0IUTCs Ha BCel YMCIIOBOM ocH; eciu ke 0< R<oo, To
JOTIOJTHUTENBHO UCCIEAYEM €lIE IBE TOUYKA — KOHIIBI MHTEPBAJIA CXOJAUMOCTH.

3apanne 10. Halitn 001acTh CXOAUMOCTH CTETICHHOTO Psija:
0 n3xn 0 on ( ) n o (X_z)n
a) y —; 0)ynx'; B SR o) ) Y —
)n;n! )n; )22n+1 )nZ::l 7"

Pewenue.

a) 3anuiieM psii B BHUJIE ZWX”, pSAI MO CTENeHAM X, KodhuimeHT psaa
n=1 'k

n3 _(n+1)3

a CIICOIOBATECIbHHO A
= SR N+17 (h+!

Brrancnnm pagnyc CXOIUMOCTH psAia:

(n+1)!‘ jm 704D gy 1° :(sz

nn+1% n>e pin+1f e (n+1f
3

) n )
= |im ———3" Iimn=oo.
n—oo nz(l_i_l) N—s00
n

R=co. OOsacTh CXOIUMOCTH MCXOJHOTO psJla —  BCS YKCIOBass OCh,

— = 1lim
an+l N—o0

R=Ilim
N—o0

X & (—o0}+00).

0
6) Y n"X" - psi 1Mo cTEmeHsIM X, an=n". BBIYHCIINM painyc CXOAMMOCTH Psijia:

1 _ 1 _ 1 _(1)_0
- n - n I- - - "
lim Ylaa ~ lim ¥nn - limn- oo

Psan cxomures B enuHCTBEHHON TOUKe x=0.



& (-3 n N+l
B) Zﬂxn_ psIA IO CTCICHSIM X, ap = ( 3) (-3)

~n+1 on+1’ "1 on43

3
2n+3) |1, 2n+3 o 1 (2+nj 1
R= fim|-2n|= im| © )(”+n+ = =22 im—— 2
n—xja, ] 92n+1)-3)" ] 3%2n+1 ©  3now (2+1j 3

(4
- § , HHTCPBAJI CXOOAUMOCTH 3 ) 3/

I/IccnenyeM CXOOUMOCTD pAAad B I'PAHUYHBIX TOYKAX YKA3aHHOI'O HHTCpPBAJIA.

L) L

MMeeM AN ) =) o

OH TIOJIOKUTEIBHBIN,

w|

IIpn x =-
CPaBHUM €r0 I10 BTOPOMY IIPU3HAKY CPABHEHMS C PACXOIAILMMCS rapMOHUYECKUM

psIoM Zl
n=1M

1 1] .. . n 1
[Moxydgaem lim == lim =lim—==.
S 2n+1 n) nso2n+1 n—>oon(2+l) 2

n

z 1
CJ’IGI[OB&TCJIBHO, pAObI Z 151 Z — OKBHUBAJICHTHBI B CMBICJIC CXOOHU-
= 2n+1 nan

. 1
MOCTH, U 3HAYUT, UCCIICOAYCMBIU PAJ paCXOJUTCA U X= —§ HC IIPUHATJICIKUT

00J1acTH CXOAUMOCTH Psa.

>

n
Sl
IIpu x -1 IIOJIy4aeM 3HAKOUEPEAYIOLIUNCS P z( ) z(—) :

3 = 2+l pg2n+

0

Psan w3 mMomyneit ero 4djieHoOB , KaK TOKa3aHO BBIIIE, PACXOIUTCH,

T.€. aDCOJIIOTHOM CXOAMMOCTH y 3HAKOYEPEAYIOLIErocs psaaa Het. MccnenyeM ps

Ha YCJIIOBHYIO CXOAMMOCTb 10 ITpU3HaKy JIenOoHumna:



n
1) lim ( 1) = lim —— ! —3—0
n=>12n+1 "™*2n+1 oo
1 1
2 = = :
) |Un| 2n+l>|un+]J on+3

1
3Ha‘II/IT, paAax CXOooUuTCA YyCIIOBHO, X =§ MMPUHAOJICKUT o0macTu CXO0JUMOCTH

1.1
psaaa. tak, 001acTh CXOAMMOCTH HCXOIHOTO Psiia MOJYHUHTEPBAI (— 5;5} .

r) Z%(X— Z)n — PSII IO CTEMEHAM (X-Xo), X0=2, d, =—
n=1

r!gnoonV an lim n/;n

N—o0

WutepBan cxogumoctu (xo-R; xo+R), T.e. (2-7; 2+7) wiu (-5; 9).
Hccnemyem cxoquMOoCTh Ha KOHIIaX HHTEpBaa.

2) & n
[pu x = —5 MOIy4UM psj Z(T = >'(-1)". On pacxoaurcs Mo A0CTA-
n=1

TOYHOMY TIPU3HAKY PACXOJIUMOCTH, TaK KaK r!i_r)noo|u nl= r!gnoo|(— 1f|=1+0.

CrnenoBartesibHO, TOYKA X=-5 HE MPUHAIICKUT 00JIACTH CXOJUMOCTHU PsIa.

o0 o0
2)'_ z = >'1, KOTOPEIif TAKXKe PACXOUTCA.
n=1

[Tpu x=9 mosyuum psiz Z(

HOC—)TOMy 00J1aCTBIO CXOOANMMOCTHU HCCIICAYEMOTI'O CTCIICHHOTIO psla SABIIACTCA

untepBan  (-5; 9).

Paznoosrcenue pynkuuit 6 cmeneHHoil psao

Ecmu  ¢yskums  f(X) Oeckoneuno muddepeHiupyemMa B HEKOTOPOU
OKpPECTHOCTH TOUKH x=0, ¥ BCE €€ MPOU3BOAHBIE B ATOH OKPECTHOCTH OrpaHHYECHBI

OJIHUM YHCJIOM: ‘f(”)(xX <M, n=0,1,2..., TO OHA PACKIAALIBAETCI B CTEIIEHHOM

psin (psa Makiopena):

f(x)= f(0)+ f’l(!o)x+ f,2’(!0)x2+...+ f(:])!(o)x%...: 5

CXOISAIIMIACS B K&XKJIOM TOYKE ITOM OKPECTHOCTH K 3HaUeHUto GpyHkuuu f (X).



[IpuBeneM pasnmoxkeHuss B panpl  MakiiopeHa  (CTENEHHbIE — PsJbI)

AJIEMEHTAPHBIX (YHKIIUHA C yKa3aHHEM OOJACTH CXOJUMOCTH COOTBETCTBYIOIIHMX

PAIOB.
1) eX:1+x+>;—2!+§—3+...:§0)r(]—rj, X € (—o0;+0).
2) Sinx:x—)§+)5(5!—);7!+...+(—1)n_1-(;:]n__ll)!+...:él(—l " 1(;:]__11)|
X & (—00;+00).
3) Cosx=1—);2!+)§14! —)g;+...+(—1)n-(;;;|+ =§O( 1)n()2<:1)l X € (—00;+00),

4) 1L:1+x+x2+ B+ x"+.=> X" xe(-11).
—X n=0

3 4 _ w _
5) In(L+x)=x—% + % X et ()" X =3 X xe (1],

6) (L+X)" =1+ax+ ala - Jx24 a(a—l)(a—Z)Xnger

2! 3!
+a(a—2)...(a—n+1)xn+m’ xe(-11).
nt
x3 x5 x/ n_1x2n-1 0 n_1)(2n—1
7 tgX=X——+———+...+(-1 = -1 :
) arctgx = X 3tE Tt +(-1) gt E( ) ]
xe[-11]

Ipumep 11. Pa3znoxutek 3agaHHble QYHKIUU B PANbI IO CTENEHAM (X-Xo) H

YKa3aTb obnacTn CXOAMMOCTH ITOJIYYCHHBIX PAJ0B:

a) f(x)=sin2x-cos?x;  x¢=0; 0) f(x):%; xo=2.
Pewenue.
a) f (x)=sin 2x-cos?x. [Ipeobpasyem 3aJaHHYIO GyHKIUIO:
20 aac2
f(x):sin2x-coszx=4$'In X-C05 lesin22x:1(1—cos4x).

4 4 8

Hcnonb3ys pasioxenue



PP L A y_6 y2" 2y
Cosy =15+ — 5 +(=12) Z_j Z( 1) ony
y € (—o0;+00), npu y=4X, HaiigeMm:

24.x2 28.x4

1-cosdx="_ == 4.4 (1) WhFé(_lT “ar

X & (—00;}+00).
. _194n 2n
CrienoBaTenpHO, sin 2X-Coszx=%2(—1)n 12(2n);| , OKOHYATEJILHO
n=1 -
MOJTy4aeM:
) 21X2 25X4 (_1)n—1.24n—3‘X2n
2x-c0S2x = — —
SIN<X-COS“X o1 a1 +...+ (2n)! +...=
© _1n—1.24n—3'X2n -
=y (-1) on , X €(—00;400),
n=1 )
0) f(X)=%; xo=2. Jlna Ttoro uytoObl paznoxkuTh (yHkiuio f(X) B psg mo

CTEIEHSIM (X-2), TpeACTaBUM €€ B BUJIE:

2(1+X22] 2 1—(—’(;2J |

Hcnonb3ys pazioxenue ﬁ —1+t+t%+. = itn, te (_];1),

1 1 1 1
X

mpu t=— 5 , [IOJIyYUM:
1 x=2 (x=2) x=2\" . x-2 (x-2f
1_(_x—2]_1_ 2 +( 2 J+ '{‘T] E e R
2
3 n o o\
a2l - $ ap2)
n=0

O6iacTh CXOMMMOCTH ATOTO PsAZia OMPEILISIETCS HEPABEHCTBOM

T.CE. |X—2|<2 nmu 0 < x < 4.



[TosrydeHHBIN pSAI CXOIUTCA MIPU X € (0;4).

Psaab1 dypbe

Iycts ¢ynxuus y = f(X) 3amama wa orpeske |-I;1] u umeer mepuox T=2I.

Tpuronomerpuaeckum psaom Oypee mis Gpynxuun f(X) HassiBaeTcs psan Buga:

%, f[ancos%ernsin %j (1)
2 =2 | I

o, an, D, Ha3BIBaOTCSA KOA(D(HUITMECHTAMU Psjia U BRIYUCIIAIOTCS 110 (hOopMyIaM

!
aozlllj f(x)dx, an:%j f(x)cos@dx, n=123..,
—1 _I

bn:%

'y f (x)sin ”T”de, n=123... )
-

B TpUroHOMETpHYECKH#  psiI  MOXXHO  pa3jOkKUTh  (YHKIIHIO,
YIOBJICTBOPSIOIIYIO OMPEICICHHBIM YCIOBUSAM, KOTOPBIC HA3BIBAIOTCS VCIOBUAMU
Lupuxne.

dynkmua f(X) Ha otpeske [-1;1] ynosnerBopser ycnosuam Jupuxie, ecau
1) oHa HempepbIBHA HAa 3TOM OTPE3KE WM MMEET Ha HEM KOHEYHOE YHCIO TOUEK
paspeiBa TmepBoro poga (T.e. B TOYKAax pa3pbiBa CYIIECTBYIOT KOHCUHbBIC
OJIHOCTOPOHHUE TPEJIEIbl, HO OHU HE PaBHBI MEXKIY COOOM);

2) hyHKIUS Ha OTPE3Ke MM HE HMEET TOYEK SKCTPEMyMa, UITH HMEET X KOHETHOE

YHCIIO;

3) cywecTBytoT ofHOCTOpoHHKe mpeensl  lim f(x) u lim f(x).
Xx—>—1+0 Xx—I-0

CXOIMMOCTh TPUTOHOMETPUYECKOTO psijia, cocTaBiaeHHOTo s pyHkimu f(X),

OIPEIIEIISIETCS CIECAYIOLIEH TEOPEMOU.



Teopema lupuxie. [lycts pynximus Y = f(X) onpenenena qius X € (—o0;+00),
umeer mepuon T=2l u ma otpeske [-I;1] ymoBmersopser ycmosusam Jlupuxie.
Torna ee psag @ypbe CXOAUTCS HA BCEH YHCIOBOM OCH , T.€. MIMEET CyMMYy S(X).

IIpum sTOM:

1) B Toukax HenpepbBHOCTH QyHKIMHU f(X) OH cxomuTes K camoii GpyHKIMH,
T.e. S(x)= f(X);
2) B TOuKax paspeiBa (GYHKIMM Xo CyMMa psja paBHa IIOJYCyMME

OJHOCTOPOHHUX  HpenesoB  (QyHKUMHM ciaeBa M CIOpasa, T.e.

S(xo):%[‘lim F(x)+ lim f(x)]:%[f(xo—0)+f(x0+0)];

—Xq=0 X—>Xo+0

3) ma xommax orpeska |- I;1] cymma psana onpenensercs dpopmyioii:

S("):S(')Z%Lﬁr_‘.lo f(x)+ fim f(x)]:%[f(—l +0)+ £(1-0)].

Jnst wetnoit Gpynkumn f(x)= f(—x) Bece koapdumuentsr by=0, u psn @ypbe

HUMECT BUA.
f(x)~@+ %O;ancos@, (3)
2 n=1 I
| !
e aozlg(j)f(x)dx, anzlg(j)f(x)cosnT”de n=1,2...,

T.€. yeTHast (PyHKIUs pasaaraercs B psjg Oypbe TOIBKO 110 KOCHHYCAM.

Jnst newernoit pynxmun f (—X)=— f(X) a=0, Bce a,=0. Torma

nzx 2
|

f(x)~ Zb smT by =

n=1

:j) (X )smmlzxdx, n=123. .. (4)

Takum o6paszom, HeueTHas Gpynkuus f(X) pasmaraercs B psag Oypbe TOJIB-KO

no cunycam. @yukmumio f(X), 3amannyro Ha uaTepBane (0,]) MOXHO MPOU3-BOJILHO
npoaoJDKUTh Ha uHTepBan  (-1,0), miam kak 4eTHyro, MM KaK HEYCTHYIO, a 3aTeM
PA3JI0)KUTh B HENOJHBIN pan Pypbe, COAEPKAINN TOJIBKO KOCUHYChI UJIM TOJIBKO
CUHYCBI.

Anzopumm paznoxncenua @ynkuyuu f(X), 3aoannoii zpaguuecku na

unmepeane (0,1), ¢ nenonnwiii psao Dypove



1) 3amate anamutuuecku f(X) ma (0, I);

2) noompenenuth GyHKIUIO Ha (-1,0) YeTHBIM UM HEYETHBIM 00Pa30M;

3) mpoBepuTh BhITOIHEHUE yeiaoBwid Jupuxie Ha (-1,1);

4) onpenenuth KOIPOGHUIUMCHTH psga Dypre IS MONYYSHHOH (DYHKIHUH |
3anucatb psax Oypse;

5) ompenenuts cymmy psaa S(x) s X e[-11].

Baganme 12. ®ynxmmo f(X), 3amanHyro rpaduyecku, pasnoXHTh B Pl

Dypsbe:
a) 0)
(o) \
03— f (X)(
0 0,5 1 X~ et 1—
0,3f------- —_— | |
0 rl2 7« X~
0 KOCHYCaM 110 CHHYCaM
Puc. 1
Pemnenue.

a) OyHkius, 3a7anHas rpaduuecky Ha puc. la), aHATUTUYECKHU OMUCHIBACTCS

CJICAYIOIINM 00pa3oMm:

f(x)= 0,3, npu 0< x<0,5,
B -0,3,nmpu0,5<x<L

UToOBI MOMYUYUTH pa3ioxkeHue AaHHOW QyHKIMHU B pan Pypee, coaepKaiiuii
TOJIBKO KOCHUHYCBI, IIPOJOJIKAEM €€ Ha COCEAHUM ClIeBa MHTEPBAI (—1,0] YETHBIM

obpasom (puc.2).



Puc. 2
[Tony4yennas GpyHkIus Ha (— [ I) yAOBJIETBOPSIET ycloBusaM Jlupuxiie: ona

MMEET JIBE TOYKH pa3phiBa IepBoro poxaa X;=-0,5 u X,=0,5 u HE uMeeT ToUek
DKCTPEMYMA, II0ITOMY €€ MOXKHO Pa3I0XKUTh B cxonudiumiics psag Pypsee. [Ipu arom
b,=0, 1 mo popmyue (3), moacraeiss I=1, f(x)=0,3 B uareppaine (0;0,5) u f(x)=-0,3

B unrepnaie (0,5;1), Haitnem

21 n7zx o8 -
an:ﬂ f(x)cosde:Z [ 0,3cosnzxdx — [0,3cosnzxdx |=
0 0,5

H 0,5 H 1
:O,6(S'nnﬂX _sinnzx J O6(Sln —sinO—sinn;z+sinn—”j=
nz | nr |,,) Nr 2 2
~L26in D7 nxo.
nz 2

Ucnonp3oBanu Sin0=0, sinnz=0 g n=123. ..

. n )
Ecnu n getnoe, T.e. n=2k, k € N, 10 sin 7” =sinzk =0, 1.e. a,=0 111 4eTHBIX

HOMEPOB N.
Ecau n Heuetnoe, 1.€. N=2k-1, ke N, 10
1,2 1,2

_ . _Z __ +1
a“_(2k—1)7zs'”(k” 2) Bk 1y C05K = -1f 2k 1;;

T.K. 110 (JOpMYJIaM MPHUBEICHHUS Sin[% — kﬁj =coskz, a coskz = (—1) K keN.

[Tpu n=0 o ¢popmyne s @y NOTYUHM:

05
—X

1

a,= %{ f (x)dx = 2(°£50,3dx—0}50,3dxj - o,e(x

J:o,6(0,5—1+0,5)=0.

0 0,5



CrnenoBaTenbHO, HCKOMOE Pa3sIoKeHHE JaHHOW (YHKIIUU B HETIOIHBIN P

@ypbe, coaepKai TOJIbKO KOCUHYCHI, CIIEYIOIIEE:

f(x)~%{COSﬂX_COS?ﬂX_'_COS57ZX_.“+(_1)n+1.COS(2n—1)7ZX+m}:

1 3 5 2n-1
_12 =, n+1icos(2n—1)ax
_7nz=:1( 1 2n-1

ITo Teopeme Jlupuxiie MOTYYEHHBIN Pl CXOAUTCS HA BCEW YUCIIOBOM OCH,
[Tpu 3ToM [Tt CyMMBI 3TOTO psifa S(X) BBIOTHICTCS
1. S(x)=f(x) Bo Bcex Toukax HenpepuiBHOCTH (GyHKIHH f(X), T.e. mpu
Xe (O;O,S)U (0,5;1), U B Pa3JIOKEHUH (PYyHKIIMH 3HAK ~ MOKHO 3aMEHUTh Ha 3HAK =.
2. Omnpenemum S(X) B Toukax paspsiba x;=-0,5, x,=0,5.

5(—0,5)%{ lim f(x)+ lim f(x)}=%[f(—0,5—0)+f(—0,5+0)]=%[—0,3+0,3]:0

x—-0,5-0 x—>-0,5+0

17 . . 1 1
S(O,S):E[XLIOT_O f (X)+XLIOI110 f (X)J =§[f (0,5-0)+f (0,5+O)]=§[0,3—0,3]=0
3. Ha konnax uaTepBaia, B Toukax X=-1 u x=l, I=1 umeem

S(-1)=S{)= %[f (-140)+ f(L—0)]= %[— 0,3-03]=-0,3.

0) Oyukuus, 3aganHas rpadpuuecky Ha puc. 10), aHaTUTUUYECKH ONMUCHIBACTCSA
CIICTYIOIINM 00pa3oMm:
/4
0, eciu 0<x< 5
f(x)=

T
1 ecmu §<X<7r .

UToOBI MOMYUYUTH pa3oxkeHue AJaHHOW (GyHKUMH B pag Dypbe, coaepxamiuii

TOJBKO CHHYCHI, TIPO0JKMM ee Ha (—77;0] HeueTHBIM 06pazom (puc 3).

f (




[Mony4yennas GyHKUMS HA (— 77} 77) YAOBIETBOPSET yCIOBMAM J{UpHXJIE: UMEET

JIB€ TOYKH pa3pbiBa MEPBOTrO POAA X1— _% , xzzg U HE UMEET TOYEK IKCTPEMYMA,

IIOATOMY €€ MOKHO Pa3IokKUTh B psal Pypbe, CXOAAMNNUC HA BCEW YUCIOBOM OCH.
@Oynkius HeyetHas, nodtomy @,=0, n=0,1,2,...; b, BeraucIUM MO PopmyIe

4), noncraBisisi =7, f(X)=0 B mHTepBaye 0;Z u f(x)=1 B mHTepBaie
2

A
T 2 T
bn:Ejf(x)sinn—ﬂde:E [0-sinnxdx + [1-sinnxdx |=
o T Tl 0 T
2
21 1 2 zn 2 n zn
=—| —=cosnx| |=-—|coszn—cos— |=——/|(-1) —cos— |,
7|1 n zn 2 zn 2
f
2
n=1,23,....

CrnenoBarenbHo, psag Oypbe s QYHKIIMA UMEET BU/I:

(-1)"-cos™

f(x)~> bpsin nx:Z—E 2 Isinnx =
n=t n=l 7T n

=E[Sin X—SIn2X+

sin3x _ sin5x _ 2sin6x J
T

3 5 6

[To Teopeme Jlupuxie MOTyYEHHBIA PSJ CXOAUTCS HAa BCEH YHMCIOBOM OCH U
umeet cymmy S(X). [Ipu sTom:
_ T .
1. S(X)=f(X) m1st x (0,5] U(i,ﬂ'j U B Pa3JI0KCHUH 3HAK ~ MOYKHO 3aMEHUTH

Ha 3HaK =.

T T
2. B Toukax pa3pblBa x;=— 5 MX;=7 CyMMa pija paBHa:

s[-%j:%{f(—%—o} f(—%mﬂ:%[—uo]:—o,a

S(%j:%[f[%—o}rf(%+0ﬂ:%[0+1]:0,5.



w N

B

3. Ha xoHIIax uHTEpBaJia B TOYKAX X =—7, X =7 UMEeM

1

S(-7)=S(r)=5[f (-7 +0)+ f(ﬁ—O)]:%[—1+l]:0.

Teopemuueckue eéonpocwi
Pazoen 1. Hnmezpanvnoe ucuucienue

HNurterpansHas cymma. OnpeesnieHue onpeielIeHHOr0 MHTErpajia u ero
reoMeTpudeckuii cmpicii. CBOMCTBA ONpeIeNIECHHOr0 HHTerpana. Teopema o
cpeanem. @opmyna Herorona—Jleiionuma.

[nomaae KpUBOJIMHENHOW TPAIEMA U KPUBOJIMHEMHOTO CEKTOPA.
O0bem Tena BparnieHus BOkpyr ocu OX.

JIBOMHOM MHTETpAJI, BBIPAXKEHUE €0 YEPE3 MOBTOPHBIN MHTETPAIL.
['eomeTpruecKkril ¥ MEXaHUYECKUN CMBICI IBOMHOIO UHTErpasa.

Pazoen 2. /lughpepenyuanvuvie ypasnenusn

[Tonstue nudpepenumansHoro ypasuenus (1Y) u ero nopsaka. [Tonsitue
oO1Iero u yacTHoro pemeHuil. Y ¢ pazaensrommumucs nepeMeHHbIMH.
JY 1-ro nopsiaka B onHOpOAHBIX pyHKIMX. JInneitnbsie /Y nepBoro
nopsiaka. YpasHenue bepnyiuu. [Tonmxenne nopsaka Y.

Jluneitnwie /1Y 2-ro nopsigka ¢ TOCTOSHHBIMU KO3 uireHTamMmu

Pazoen 3. Paovt u capmonuueckuil aHaius

YucrioBoit psiji, ero cXoguMocTh U cyMMa. HeoOxoaumelii nmpu3Hak
cxonumocth. CBOMCTBA CXOAIIUXCA PAIOB. ['eoMeTprueckuii u
000O0IIIEHHBIN TAPMOHUYECKUN PSIIBI.

[Tpu3Haky CXOAMMOCTH MOJOKUTEIBHBIX PSAIOB: CpaBHEeHHUs, JlamambOepa,
palMKaJIbHBIN U UHTETPAJIbHBIN ITpu3Haku Komm.

3HaKonepeMeHHbIC Psbl, AOCOTIOTHAS U YCIOBHASI CXOAUMOCTD. [Ipu3Hak
JleitbuwuIA.

Crenennsbie psiabl. OGIaCTh CXOAUMOCTH.

Psaner @ypse.



Y4eOHo-MeTOAUYECKHE MATEPHAJIbI U IPOrPaMMHO-UHGPOPMALIHOHHOE

obecreueHme
Ne ABTOD Hazsanue M3patens- | T'on | Bun | Anpec Bun
CTBO u3na JNEKTPOH| JIOCTyma
/a n3na
HUS HOTO
Hu pecypca
1 2 3 4 5 6 8 9
1.1 | bepmanr Kparkwuii kypc CII6: 2008 | Yue
A.D., MaTemarudyeckoro | Jlanp OHOe
ApamaHOBH | aHanIU3a I10CO
g U.T. oune
1.2 | Bmagumupc | MaremaTuka CII6: 2008 | yueb
kuii b.M., o0muii Kypc Jlanb HUK
I'opcTko
1.3 | Jdanko ILE. | Beicmias M.: 2015 | Yue
[TomoB A.I'. | MmaTeMaTuka B Mup u 2009 | 6Hoe
YIPaXHEHUSIX U 06- 2008 | moco
3amagax. 4.1 pa3oBanue | 2007 | 6ue
1.4 | Jdasko ILE. | Beicmias M.: 2015 | Yue
ITonoB A.I'. | maTemaTHKa B OHHMKC: | 2009 | 6HOC
yIpaXHEHUIX U Mup u 2008 | moco
3amagax. U.2 06- 2007 | oue
pa3oBaHHE
2.1 [Munayés | Beicias M: FOpaiit | 2011 | Yue
B.C. MaTeMaTuKa 2012 | 6HOC
oco
oue
2.2 Bunenkun | Beicmas PoctoB 2011
n.B. MaTeMaTuKa: H//1: Yue
Jluneitnas anre6pa. | denukc OHM
Ananutuyeckas K
TEOMETPHSIL.
Juddepenumansao
€ ¥l HHTeTPaJIbHOe
HCYHCIICHHE
2.3 Bunenkun | Beicmas PocroB 2011 | Yue
n.B. MaTreMmaTuKa: H//1: OHU
UHTETPAbI 110 deHuke K
Mepe,
G depeHIMaTbHBI
€ YpaBHEHHUS, PSIbI
2.4 Ky3nernoB | Maremaruka M.: 2012 | yueo6 | http://ip | C  mro6oit
B.T IOHUTU- Huk | rbooksh | Touku
JAHA op.ru JOCTyTa
TUTS
aBTOPH30Ba
HHOTO
TOJTb-
30BaTels
2.5 [Tontunau | Beicmas PoctoB 2012 | Yue



http://iprbookshop.ru/
http://iprbookshop.ru/
http://iprbookshop.ru/

kxoB B.I. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | JAI'TY oco
JU1s1 6aKagaBpoB. Oue
.1
2.6 [TontuHHM | BeIicmas Pocros 2013 | Yue
koB B.1. MaTeMaTHKa: u//1: 11 OHOE
yaeOHoe mocodue | AI'TY 0CO
Ui OaKaiaBpoB. Oue
4.2
2.7 [Tontunam | Beicmas PocroB 2014 | Yue
kxoB B.H. MaTreMaTHhKa: u/J1: U1 OHOe
yuebHoe mocodbue | AI'TY oco
JU1s1 OaKagaBpoB. Oue
.3
6.2.10 | [lonTunauu | Beicuras Pocros 2015 | Yue
koB B.1. MaTeMaTHKa: u//1: 11 OHOE
yuebHoe mocodue | JAI'TY 110CO
Juist 0aKajIaBpoOB. oue
4.4
2.8 [Toxxapcku | V30paHHbIE T1aBBI PocroB | 2014 | Yue
uJl.A., MaTeMaTUKU: u/]1: L] OHOC
Hypyrnun | uaTerpansHoe AI'TY 110CO
oBa 1.H. HWCYHCIICHUE, Oue
g epeHIaIbHbI
€ YpaBHEHUs
2.9 Hypyrnun | Coopuuk obpasioB | PoctoB | 2013 | Yue |ntb.don | C  mroboi
osa WM.H., | pemenus 3amanuii | w/M: UL Onoe | Stu.ru TOYKH
Co6oneB | 6a30BOro  ypoBHs ATy 0CO J0CTYyTIa
B.B. o MUCIHUILIINHE Oue IS
«Maremaruka» aBTOPHU30Ba
HHOTO
OJTb-
30BaTels
3.1 Caiit Math http://w | C moboii
Briciias ww.mat | Touku
MaTeMaTHKa. h- JOCTyTIa
Pemenune 3amau u pr.com/
npumepos — online index.h
tml
3.2 Caiit Pemmenne http://w | C nroboi
3a/1a4 1mo WW.IeS | TOYKH
MaTemaruke online hmat.ru | nocryna
lindex.

html



http://www.math-pr.com/index.html
http://www.math-pr.com/index.html
http://www.math-pr.com/index.html
http://www.math-pr.com/index.html
http://www.math-pr.com/index.html
http://www.math-pr.com/index.html
http://www.reshmat.ru/index.html
http://www.reshmat.ru/index.html
http://www.reshmat.ru/index.html
http://www.reshmat.ru/index.html
http://www.reshmat.ru/index.html

MMPUIIOKEHUA
Ipuiaoxenue 1

Tabannma oCHOBHBIX HHTErPaJIOB

1. _[Odu:C; C =const; 2. jdu=u+C;
aqu U o 3a. [QU -2 b +C:
3. J.u du—a+1+C, o#-1 IJU ,
4. (U _ju+c; 5. [a'du==2-+C;
Ju . Ina
6. 'e“du:e“+C; 7. 'cosudu:sinu+C;
8. [sinudu=—cosu+C; 9. d% =tgu+C;
. Jcos‘u
du _ . du U A
. Sin2u——ctgu+C, 11._[ az_uz—arCS|na+C,

du [[2 4 A2 : du 1 u
12. =Inju++u*ta’|+C; L 241C
I ral ‘ 13. -[u2+a2 aarctga+C,
du 1,.lu-a . du _ ul, ~.
14. Jm——zaln—u+a +C, 15. I—Sinu—ln‘tgz +C,
du _ u, . _ .
16. m—ln‘tg(zﬁ-él)-f-c, 17. _[tgudu— In|cosu|+C;

18. Ictgudu =In|sinu|+C;



IHpuiaoxenue 2

Tunbl qupPepeHunaNbLHbIX YPABHEHHH NIEPBOI0 MOPSAAKA

Tun ypaBHeHUs

XapakTepHble MPU3HAKH

MeTtonasl
WHTETPUPOBAHUSA

VYpaBHEHUS C pa3aemso-

IMUMHUCA IICPCMCHHBIMU

y'=f.(x)- f2(y)

IIpaBast yacTh ypaBHEHUS
IPEJCTaBIIsAET COOOM
IIPOU3BENCHHE JBYX
(GyHKUIMH, OJJHA 3aBUCHT OT X,

apyras — OT y

Paznenuts nepeMenHsie,
T. €. YpaBHCHHE TIPUBECTH

K BUJLY % = fy(x)dx

U TIPOUHTETPUPOBATH

OnHopoHOE YpaBHEHUE

&0

IIpaBas yacTh ypaBHEHUS —
(GyHKIUS TOJIBKO OT
OTHOILIEHUS [IEPEMEHHBIX

y/x

YpaBHEHNE IPUBOUTCS

K YPaBHEHHIO C

pa3 e oIMMUCS
HepEeMEHHBIMU C TOMOIIbIO
MOJICTAHOBKH: Y =ZX,

y'=2'X+2

JluHerHOe ypaBHEHHE

y'+p(x)y=q(x)

yu Y BXOIAT B ypaBHEHUE

TOJBKO B IEPBOM CTEIEHU

YpaBHeHue bepHymn

y'+p(x)y=q(x)y*

Y’ BXOIMT B ypaBHEHHE

TOJIBKO JINHENHO, a V B
OJIHOM U3 CJIaraeMbIX
JIMHEWHO, a B APYTOM B
CTEIEHH o, rae o#1lu
a=0

Pemaercs merogom
beprymm ¢ momonisro
noacraHoBku: Y =UV,

y'=UV +UV’




